C1S603 - Artificial Intelligence

L earning
Linear regression

Vasileios Megalooikonomou

(some material adopted from notes by M. Hauskrecht)
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Learning

e Supervised
REGRESSION, Classification

e Unsupervised:
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Supervised learning

Dataz. D={d,,d,,..,d.} asetof nexamples
d; =<x;,y, >
X, isinput vector, and y is desired output (given by ateacher)

Objective: learn themapping f : X - Y
st. y,= f(x;) forali=1.,n

* Regression: Y is continuous

Example: earnings, product orders company stock price
* Classfication: Y is discrete

Example: temperature, heart rate disease
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Linear regression

« Supervised learningb ={d,,d,,..,d} d =<x,,y >
* Function f:X =Y is alinear combination of input component
k

f(x) =w, +wx® +w,x® + . wx® =w, + ZWJ ()
J:

Wy, Wy,... W, - parameters (weights)

Biasterm ——— 1

Cox®
Inputvector<
X . Wy
(k)
L X
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Linear regression - Error

e Datar d =<x.,y >
+ Function: x, - f(x,)
« We would like to have y; = f(x;) foral i=1.,n

» Error (loss) functions reflects how much our prediction
deviates from the correct answer, e.g.
Least-squareserror  Error (y,, f(x,)) =(y, - f(x,))?
» Error function for the dataset:
3=t Y - X))’

i=1,..n

* Wewant to find weights minimizing theerror !
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Linear regression - Example

« 1 dimensional input x = (x®)
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Linear regression - Example

« 2 dimensional inputx = (x®, x?)
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Linear regression - Optimization

We want to find the set of weights with the minimal error

1 1
Jo== ) (v~ f(x ))2 == > (¥ ~[w, +W1X(l) +W2X(2) +--~ka(k)])2
n i=1,..n i=l,..n
» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0

0 2 &
—J3, (W) === [y, = (W, +wx? +w,x@ +. w x¥)] =0
ow, 2 (W) n;[)’. (Wo + W, ) 2]

0
ow,

d 2 & .
S W= Z[yi = (W +wx® +wyx@ +. g, x¥)]xV =0

J

Jn(w) = _§ Z [y; = (Wp +wx® +w,x® +. . w x®)]x® =0
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Solving thelinear regression problem

» The set of equations based on partial derivatives defines the
system that is linear in unknown weighvg,, w,, W, ... W :

— Can be solved using standard SLE techniques
— Obtains the solution for all data at once

» Alternative technique for solving the same optimization problg
— Iterative method
— Typically gradient-based

Gradient-descent method (a special case)
— ldea: move the weights in the error decreasing direction
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Gradient descent method

» Descend to the minimum of the function using the gradient
information

Error (w) 9 Error (w) |-
ow

w* w

» Change the parameter value of w according to the gradient

0
W « W* —-ag—FError (w
5 ENTor (W)
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Gradient descent method

Error (w) 9 Error (W) |-
ow

w* w
* New value of the parameter
0
W ~ W*—-a—Error (w
P (W) |

a >0 - alearning rate (scales the gradient changes)
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Gradient descent method

» To get to the function minimum repeat (iterate) the gradient
based update few times

Error (w)

w @ w®O W@y @ w
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Online version of the gradient descent

» The error function defined for the whole datd3et
1
J == = f(x.))?
I T BT 0)
 Instead of the error for all data points use error for an
individual sample
1
‘]online = Error (yi1 f(x|)) = E(y| - f(Xi))z

» Changeregression weights after every sample:

W, « W, —a—a Error (y,, f(x,))
ow,

a > 0- Typicaly annealed (depends on the number of updates)

» Advantage: very easy to implement
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Linear regression - On-linelearning
Linear model f(x)=w, + iwjx(i)
-
Sampleeror  Error (y,, f(x)) = (v, - f(x)?

(i+1)-th updatefor thelinear model:

W' - w - af +1)% Error(y,, f (%)) |, =W +ai +1)(y, - f (x)

0 [ ]

” i . 0 i i |
W o —ali ) Errory, £(4) o =w" +a-+(y ~F(x))x”

J

Typical learning rate cr(i)zi—1

Algorithm: repeat online updates for all data points
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Onlinelinear regression algorithm

Online-linear-regression (D, number of iterations)
Initialize weights W, W,, W, ... W,
for i=1:1: number of iterations
do select adata point d=<x,y> from D
st a=Yi
update weights (in parallel)
W, =W, +a(y - f(x,w))

w =w: +a(y— f (x,w))x?”

end for
return weights
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On-linelearning. Example
1 . 2
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