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DiscreteCurveEvolution with Hausdorff Distance
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1 General strategy for knot removal

In [Latecki1998, Latecki1999, Latecki2000] a greedystyle algorithm for a discretecurve evolution is
presented.Thisalgorithmworksastonishingwell andleadsto anoisefreerepresentation
of thecurveaswell asto agoodshapeabstraction.In [Latecki2000] alsosometheoreticalpropertiesof this
curveevolutionareproved.However, upto now it wasamajorproblemto find goodcriteriafor terminating
theevolution. In this paperwe presenta similar curve evolution asin [Latecki 1998], but with a different
knotrelevancemeasure.Thisnew measurehastheadvantage,thatwecandeterminetheHausdorff distance
betweentheoriginalandtheevolvedcurvewithoutadditionalcomputation.
We begin with thedefinitionof a functionspace,which dependsin a certainway on somegivenpointsinc)d

. We give two examplesof suchspaces.The secondoneis introducedin the secondsection.We need
this secondexampleof adatadependentspaceto establishour new, socalledcurveevolution.

Definition 1.1 Let e bea subsetof
c)d

and fhg+ikj�l�m$n9l7o�n�p4p�p<n9l7q@r a setof pairwisedistinctpointsin e .
We shallcall afinite dimensionalsubspaceof j$sQg"eut c r a datadependentspaceanddenoteit by v�w if

(a) for everysubset xf of f , v2yw is a vectorsubspaceof v w ,

(b) v w dependson thedataset f ,

(c) v w is thenull spaceiff fzi|{ .

The elementsof f arealsocalled }8~7�8��� . In many applicationsproblemsarise,whereonehasa functions of a datadependentspaceandonewantsto find anapproximationof s dependingon a smallerdataset.
In this sectionwe presenta very generalknot removal algorithmfor functionsof a datadependentspace,
which cansolvesuchproblems.
First of all we want to give anexamplesof a datadependentspace.In thenext sectionwe will work with
a spaceof piecewiselinear functions,which is alsoa datadependentspace.For thefirst exampleof a data
dependentspacewe needanextra definition.

Definition 1.2 Let e bea subsetof
c d

. A function ��g�e|�Qe�t c
is calledpositivedefinitewith respect

to e if for all choicesof finite setsf�g+i�j�l m n�l o n�p4p�p4n9l q r of pairwisedistinctpointsin e thematrix� g+i��R�]��l�� n9lZ�(�9�9��� �"n���nA�Si��"n �Zn4p4p�p<n9�Dn����b�
is positivedefinite.
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The mostcommonpositive definite functionshave the form �]��l�n9�Z�bi���� �J� lF�����Y� � , were � is a func-
tion which maps

c)�
to

c
and �Y� �J� denotesthe ordinaryEuclideannorm. This type of positive definite

function is also called radial basis function and somefrequentlyusedexamplesof thesefunctionsare
����¡9�/g
i£¢"¤a¥�¦�§�n_¨k©«ª and ����¡9�/g
i���¡ oC¬ ¨-��¤[­§ ¨k©«ª . Thesefunctionshave the astonishingproperty
that for arbitrarily many pairwisedistinctpoints l � � c)d

thematrix ��� �J� l � �®l � �Y� � ��� � is positive definite,
independentof thespacedimension̄ . TheFunction����¡9�>g+i°��¡ o ¬ ¨-� ¤>­§ leadsto theinversemultiquadrics
interpolation,which is oftenusedin geophysics.Also very usefulin this context areconditionallypositive
definitefunctionslike ����¡9�Eg
i±��²"¢(¯�¡��A¡�� or ����¡9�Eg+i���¡ ¬ �$��¤ m werethe above definedmatrix

�
is only

positive definiteon a certainsubspaceof
c q

. Readerswho want to obtainsomemoreinformationabout
positivedefiniteor radialbasisfunctionsshouldread[Cheney 2000] and[Schaback1997].

Definition 1.3 Let thefunction � bepositive definitewith respectto somedomain e´³ c d
andlet fhg
ij�l m n�l o n4p4p�p<n9l q r bea setof pairwisedistinctpointsin e . Thenwe introducethefollowing notation:

v0µ�� w´g
i�j�sKg"e�t c g"s-��l7��g
i
q¶
�Y·�m ¨��A�]��l���n9l7�<n¸¨��*� c r�p

Obviously, vZµ%� w is anexampleof adatadependentspaceaccordingto definition1.1,because(a) vZµ�� w is a
finite dimensionalvectorspace,(b) vZµ%� w dependson thedata f , (c) v µ%� yw is a subspaceof vZµ%� w if xf is a
subsetof f , (d) v µ�� w is thenull spaceiff fzi|{ . Note,thattheinterpolationproblem,to find an s¹�/v µ�� w
whichsatisfiess-��l � �*i»º � for somegivensetof realnumbersº � , hasalwaysauniquesolution,becausethe
function � is positivedefinite.

If ¼ is any finite set,wedenoteby � ¼½� thenumberof its elements.Now weconsiderthefollowingproblem:
For agivendatadependentspacev w , let �Y�¾�Y� beanarbitrarynormon v w . For agiventolerance¿S©�ª and
a given s¹�bv w with �Y� s��Y��ÀÁ¿ , we try to find a subset xf of f anda function xsL�bv@yw sothatthefollowing
two propertieshold:

�Y� sI� xs��J�Âi ÃNÄJÅyÆ(Ç8È-ÉÊ �J� sG� xË �J��ÌÁ¿�n(1)

ÃNÄYÅÆ�Ç8È(Í �J� sG� Ë �J��À ¿ for all Îk³uf with � ÎE��Ì�� xfÏ�
p(2)

Definition 1.4 We call thejust statedproblemtheknotapproximationproblemfor thefunction sQ�bv w .

Theorem1.5 Theknot approximationproblemalwayshasa solution.

Proof: For everyfixedsubset xf of f thereis anelement xsQ�bv@yw with

�J� sI� xs-�Y�"i�ÃOÄYÅyÆ$Ç8È-ÉÊ �Y� sI� xË �Y�
n
sincevXyw is afinite dimensionalvectorspaceand Ð�� xË �>g+i��J� s]� xË �Y� is acontinuousfunction.Let Ñ thesetof
all subsetsof f , sothatfor each xfÒ�LÑ we have ÃOÄYÅ yÆ(Ç8È�ÉÊ �J� sE� xË �Y�ZÌu¿ . Theset Ñ is not emptybecause
a least f is in Ñ . Since f hasonly finite many points, Ñ hasfinite many elements.We choosea smallest
set xf of Ñ anda xs¹�bv@yw thatsatisfies�Y� sG� xs-�Y��i�ÃNÄYÅ yÆ$Ç8È ÉÊ �J� sH� xË �Y� . Theset xf containsa leastonepoint

because�J� s��Y��ÀÏ¿ . Therefore xf and xs satisfy(1) and(2). Ó
In general,it is very hardto computeanexactsolutionof theknot approximationproblem,in particular, if
thedataset f is large.We now presenta greedyalgorithm,which candelivera fairly goodapproximation
of the true solution.The strategy of the presentedalgorithmis very similar to the strategy of the discrete
curve evolution first presentedin [Latecki1998]. For eachpoint in f we calculatea relevancemeasure,
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which givesussomeinformationaboutthe importanceof the point for the function su�Áv w . We remove
in eachstepthepoint with the lowestrelevance.With ÔD��fQn xf¹�]gZv w tÕv@yw we denoteanapproximation
operator, which mapsfor every subset xf a function sÁ�Fv w to anapproximationÔD��f¹n xf¹�9su�Öv@yw of s .
TheapproximationoperatorÔ is arbitrary, for instanceÔ couldbeaninterpolationoperatoror a mapping
to thebestapproximation,if it is unique.In thenext sectionwedefinea Ô whichis suitablefor ourpurpose.
If f is agivendatasetand s afunctionof vZw , thenwecalculatetherelevancemeasureof thepoint lQ�/f
accordingto theformula × g
i��Y� sI�®ÔD��fQn�fDØ�j(l%r$��s��J��p(3)

Therealnumber
×

measures,how goodwecanapproximatethefunction s without thepoint l .
We now describethenew algorithm.

Algorithm 1.6 Givenfinite set f , a function sQ�KvZw , a tolerance¿O©uª and Ù-�/� with Ù-ÌÚ� fÁ� .
0. Start: fQÛ2g+i»f , s7ÛÜg+i|s , �Hg
i�ª andtestÛXg+i»ª .

1. If � f � �"i»Ù thenstop;

2. determinetherelevancemeasureof all pointsin f � , let l��J��� bea point in f � with the lowestrele-
vance

× �J����g
i��Y� s � �®ÔD��f � n�f � Ø�j(l��J���3r$�9s � �Y� ;
3. if test��¬ × �J����ÌÁ¿ go to 4, elsestop;

4. put

s � � m g+i ÔD��f � n�f � Ø�j(l��J���3r$�9s � nf � � m g+i f � Ø�j(l��Y���3r"n
test

� � m g+i test
� ¬ × �Y���<n� g+i � ¬ ��n

andgo to 1;

Theorem1.7 Thegivenalgorithm1.6 terminatesafter a finite numberof, say � m , iterations.We obtaina
sequenceof subsetsof f with f � ­ ³Ïf � ­ ¤ m ³Ïf � ­ ¤ o ³�Ý�Ý4ÝZ³ufQÛ
andin everystep�"n�ªNÞÖ�HÞD� m thefunction s � �Kv w�ß satisfiestheestimation

�J� s � �Ös Û �Y��ÌÁ¿�p
Proof: In eachexecutedstep4 the algorithmsets f � � m g
i±f � Ø�j(l��Y���3r , so it hasthe claimedinclusion
relation,andin addition,weobtain � f � ��i°� fÁ���2� . Therefore,thealgorithmmustterminate,eitherbecause
of � f � ��i»Ù or becauseof test� ¬ × �J���>ÀÏ¿ . Finally, for ªNÞÖ�HÞF��m we obtaintheestimation

�Y� s � �Ös Û �Y�Âi �Y� s � �Ös � ¤ m ¬ s � ¤ m �ÁÝ�Ý4Ý��Ös m ¬ s m �Fs Û �J�
Þ �Y� s � �Ös � ¤ m �J� ¬ Ý�Ý4Ý ¬ �Y� s m �Ös Û �Y�
i �Y� ÔD��f � ¤ m n�f � ¤ m Ø�j�l��J�X�Á�$��r$��s � ¤ m �Ös � ¤ m �J� ¬ Ý�Ý4Ý

Ý�Ý4Ý ¬ �Y� ÔD��f Û n�f Û Ø�j�l���ª"�3r$�9s Û �Ös Û �Y�
i × �Y�2�u�(� ¬ Ý4Ý�Ý ¬ × ��ª"�
i × �Y�2�u�(� ¬ test

� ¤ m
Ì ¿�p Ó

Givena set f , a function sÁ�®à�w , a tolerance¿/©´ª , andan integer Ù thealgorithm1.6 deliversa subsetxf of f , andan approximation xs���v@yw with �J� xsL��s��Y�>Ìá¿ . We shall denotethis input-outputrelation
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by � xf®n xsa�Ii ALG ��fQn�s7n�¿�n�ÙR� . Generally, the sumof the relevancemeasuresis a very badupperbound
for the true approximationclassof xs to s and �J� xsb��s��J� is muchsmallerthan ¿ . To improve the resultof
algorithm1.6 we adda “global” approximationstep.In algorithm1.8 we describethe improvedversion
of algorithm1.6.Onecouldsummarizealgorithm1.8 asfollows: We remove successively thepointswith
the lowestrelevance,until thesumof relevancesexceedsthe giventolerance¿ . Onecouldstopnow with
removing points,andonewouldobtaina function s � whichsatisfies�J� sN�Ds � �Y��ÌÏ¿ . But generally, thesum
of therelevancemeasuresis a too badupperboundfor thetrueapproximationclassof s � to s . Therefore,
wecomputein steptwo algorithm1.8abetterapproximationby applyingtheapproximationoperatorÔ tos7Û with thecomputedpoint set f � . If �J� s7Û]�uÔD��fQn�f � �9s7Û��J� doesnot exceedthegiventolerance,we can
continueremoving knotsin steponeof algorithm1.8.The algorithmstopswhenin steponeno knot has
beenremoved(thenwith have f � i�f � ¤ m ).
Algorithm 1.8 Givena finite set f , a function sQ�bv w , a tolerance¿@©�ª , and Ù��K� with Ù�Ì�� fÁ� .

0. Start: fQÛ2g+i»f , s7ÛÜg+i|s , �Hg
i�ª andtestÛXg+i»ªZâ
1. ��f � � m n s � � m ��g
i ALG ��f � n s � n�¿]� test� n Ù��<â
2. if �J� s7Û)�®ÔD��fQn�f � � m �9s7Û��Y��ÌÁ¿�n(� f � � m �aãi°� f � � and � f � � m �7ãi»Ù , put

s � � o g+i ÔD��fQn�f � � m �9s Û n
test

� � o g+i �J� s Û �®ÔD��fQn�f � � m ��s Û �Y�
nf � � o i f � � m
� g+i � ¬ ��n

andgo to 1, elsestop.

Theorem1.9 Thegivenalgorithm1.8 terminatesafter a finite numberof, say ��m , iterations.We obtaina
sequenceof subsetsof f with f � ­ ³Ïf � ­ ¤ m ³Ïf � ­ ¤ o ³�Ý�Ý4ÝZ³ufQÛ
andin everystep�"n�ªNÞÖ�HÞD��m thefunction s � �Kv w�ß satisfiestheestimation

�J� s � �Ös Û �Y��ÌÁ¿�p
Proof: Due the conditionsin steptwo, the algorithmterminatesafter a finite numberof iteration.For allªNÞD�GÞF� m we obtaintheestimation

�Y� s � �Ös Û �Y�Âi �Y� s � �Ös � ¤ m ¬ s � ¤ m �Fs Û �J�
Þ �Y� s � �Ös � ¤ m �J� ¬ �Y� s � ¤ m �Ös Û �Y�
i �Y� s � �Ös � ¤ m �J�ä å3æ çè�é ¤ testß�ê ­

¬ �J� ÔD��fQn�f � ¤ o �9s Û �Ös Û �Y�ä å<æ ç
· testß�ê ­Ì ¿�p Ó

In thenext sectionwe do not needthis algorithmin this generalsetting.Sowe specializeit to onedimen-
sionalperiodiclinearsplinefunctions.
A slightly differentstrategy for themultivariatecaseis testedin [Opfer2002] with theradialbasisfunction�]��l�n9�Z�>g
i°�Y� lI�L�%�Y� .
In [Lyche1987] and[Lyche1988] a differentknot removal strategy for B-splinefunctionsis presented.In
[Lyche1986] and[Böhm1980] youcanfind someveryfastalgorithmfor approximatingB-splinefunctions
by B-splinefunctiondefinedona differentbut fixedknot sequence.
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2 Approximation of piecewiselinear curves

In this sectionwe presentthe new discretecurve evolution. A greatamountof experimentshasshown,
thatthenew curveevolutionhasthesamenicepropertiesastheevolutionpresentedin [Latecki1998]. The
advantageof thenew evolutionis, thatwecandetermineanupperboundfor theHausdorff distancebetween
theoriginalandevolvedcurvewithoutadditionalcomputation.With theHausdorff distancewehaveagood
terminationcriteriaathand,sowecanstoptheevolutionif theHausdorff distanceexceedsagiventolerance.
Thebasicideais, to parametrizethecurve by two functionsof thespacev�ëì (definedbelow). By applying
the knot removal algorithmto thesefunctionswe obtaina goodapproximationby spline functionswith
fewerknots.Thisapproximationis theparametricrepresentationof ourevolvedcurve.
In orderto presentournew, socalledcurveevolution in this section,wenow introducethenext exampleof
a datadependentspace.

Definition 2.1 Let íKg+izj�¡ m Ìî¡ o Ì£Ý4Ý�Ý*Ìï¡ d r be a given real knot sequenceand ð a real numberwithðK©Ï¡ q �L¡ m . We call

v�ëìSg
iÚj�ñ2�Qò]� c ��g�ñ"ó ô õJö�÷ õYöJø ­�ù n��-i��"n4p�p4p<n��«�u� and ñ��
ú ¦�û � ¦ ­
�
ë3ü arelinearn ñ���¡9�*i|ñ���¡ ¬ ð7�0ý7¡\� c r

spaceof piecewiselinear ð -periodic functionswith respectto theknotsequenceí . If íOi�{ then v�ëì is the
null function.In case�£i�� , thespacev�ëì consistsof theconstantfunctions.

If oneusessplinespacesof anhigherorder, it is veryusefulto workwith B-splinebases.See[Nürnberger1980,
Schumaker1981, deBoor 1978] to obtaininformationsaboutsplinespaces,for example.
If þ is a subsequenceof í thenobviously v�ë þ is a subspaceof v�ëì . Sowe obtainthatfor a fixedrealnumberð , theset v�ëì is alsoa datadependentspaceaccordingto definition1.1.
Let ÿzg
i±j ð m n�ð o n4p4p�p4n�ð d n�ð d � m r , ð � � c o

be the verticesof a closed(that meansð m iÚð d � m ) piecewise
linearcurve in

c o
. With trace��ÿX� we meanthecurve,which oneobtainsby connectingð � with ð � � m by a

straightline, while theset ÿ arethevertices,which representthecurvetrace��ÿX� . Wealwaysassumethat ÿ
haslengthone,if notsowe rescaleÿ suchthatd¶

�Y·�m
� ð7���Eð7� � m � o�i°��p(4)

Now we definea knotsequenceí2g
i´j�¡ m i�ªSÌu¡ o ÌÚÝ4Ý4Ý0ÌÏ¡ d r by theproperty

� ¡��%�L¡�� � m8�"i � ð��a�bð�� � m � o for �-i´��n���n4p�p4p<n�¯E�u��p(5)

Doing this,wecanchoosetwo functionsl n��7n��/v�ëì with ðEi´� suchthat

��l���¡��A�3n�����¡��A�9�_iÖð�� for ��i���n�p4p�p<n9¯ and

trace��ÿX�*i trace��l�n9�Z�3p
(trace��l�n9�Z�>g
iÚj���l���¡9�3n9����¡9�9�)� c o g8¡�� c r )
Accordingto (4) and(5), ��l n9�Z� is an arc-lengthparametrizationof the curve trace��ÿX� . Now we want to
applytheknot removal algorithmto thefunctions l�n9� , sowe have to specializethenormandtheapproxi-
mationoperatorÔ usedin theupperdescriptionof thealgorithm.Ourapproximationshouldbedonein the
standardmax-norm �Y� l-�J� �ág+i max¦ Ç c � l���¡9�4��p
The evolution shouldhave the propertythat in every stepthe evolved curve xÿ is a subsetof ÿ . For that
reason,we definethe following interpolationoperator. If s is a functionof v�ëì and þ is a subsetof í , thenÔD��í"n9þZ��g�v ëì t�v ëþ is definedby theproperty:For everyknot

� Û �bþ wehave ÔD��í�n9þ��9s-� � Û �*i�s-� � Û �(6)
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Sine s �kv�ëì is piecewise linear, we just have to storethe valuesof s in the knots of í to describes
completely. So,if wewantto computetheinterpolationÔD��í�n�þZ�9s , we justdroptheknotsof í whicharenot
in þ . Thenormof ÔD��í�n9þ��9sE�Ös canalsobecomputedin a veryeasyway:

�Y� ÔD��í�n�þ���sG�Ös��Y� � i max� Ç þ � ÔD��í�n�þ���s-� � �*�Fs-� � �4��p
If weappliedtheknot removal algorithmto l and � separately, it couldhappenthataftera few stepsl � and� � aredefinedon somedifferentknot sequences.For avoiding that,weremovepointsof theknot sequence
of l and � only simultaneously. Therefore,we modify theknot removal algorithmasfollows: Let l�n9� be
two functionsof v�ëì . For everyknot ¡��/í we define× g
i maxj��Y� lG�ÖÔD��í�n�í$Ø�j(¡�r$��l��Y� �/n$�J� �@�®ÔD��í"n9í8Ø�j�¡�r����%�Y� �Ir"p(7)

Therealnumber
×

measureshow goodwecanapproximatethefunctionssimultaneouslywithouttheknot ¡ .
We now describethemodifiedversionof algorithm1.8.

Algorithm 2.2 Givenknot sequenceí , two functionsl�n9�E�/v mì , anda tolerance¿S©�ª .

0. Start: þ ¤ m g+i�þ�Û2g+i»í , l0ÛXg
i»l , ��Û2g
i�� , �Hg
i»ª andtestÛ2g
i»ª .

1. If � þ � ��i�� thenstop;

2. determinetherelevancemeasureof all knotsin þ � , let � �J��� beaknotfrom þ � with thelowestrelevance× �J����g+i maxj��J� l � �®ÔD��þ���n�þ��<Ø�j � �J����r���l � �J� � n(�Y� � � �ÖÔD��þ���n9þ	�4Ø�j � �Y����r$��� � �Y� � r ;
3. if test� ¬ × �J����ÌÁ¿ go to 4, elsego to 5;

4. put

l � � m g+i ÔD��þ � n9þ � Ø�j � �J����r���l � n� � � m g+i ÔD��þ � n9þ � Ø�j � �J����r���� � nþ � � m g+i þ � Ø�j � �Y���3r"n
test

� � m g+i test
� ¬ × �Y���<n� g+i � ¬ ��n andgo to 1;

5. if þ � ¤ m ãi»þ � , putl � � m g+i ÔD��í"n9þ � ��l n� � � m g+i ÔD��í"n9þ � ���anþ � � m g+i þ � n
test

� � m g+i maxj��J� lH�®ÔD��í�n�þ � ��l��Y� �bn(�Y� �S�ÖÔD��í�n�þ � ���%�J� �Er"n andgo to 1;

elsestop.

Theorem2.3 The givenalgorithm2.2 terminatesafter a finite numberof, say ��m , iterations.We obtaina
sequenceof subsetsof þ with þ � ­ ³«þ � ­ ¤ m ³«þ � ­ ¤ o ³�Ý4Ý�Ý)³«þ�Û andin every step �"n ªÁÞk��Þï��m the
functionsl � �Kv�ëþ ß n9� � �bv�ëþ ß satisfytheestimation

�J� l � �Dl��Y� � Ì®¿ and �Y� � � �D���Y� � ÌÁ¿�p
Proof: Sameargumentsasin theorem1.9. Ó
As mentioned��l�n9�Z� is anarc-lengthparametrizationof thecurve ÿ . Dueto the interpolationproperty(6)
of theapproximationoperatorÔ we have,thatin eachstep� andfor all � �/þ �

��l � � � �<n9� � � � �9�>�Kÿ>p
We now want to obtain someinformation aboutthe Hausdorff distancebetweentrace��l�n9�Z�¹iSg,ÿ and
trace��l � n�� � �2iSg%ÿ � . For readerswho arenot familiar with the notion of Hausdorff distance,we give the
definitionherefor convenience.We needfew steps.
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Definition 2.4 Let 
 bea nonempty, convex, boundedandpoint symmetric(thatmeanslD��

� �)lD�
 ) subsetof
c o

. Let l Û � c o
and �@©uª begiven.We shallcall


��"��l Û ��g
i�j(lK� c o g�� xlK��
 with lEi»l Û ¬ � xl%r
thegeneralizedball with radius � andcenterl Û .
For asubsetàÁ³ c o

and �S©Áª wedefinetheHausdorff parallel setby

à � g+i����Ç�� 
 � ��la�3p

With thehelpof theHausdorff parallelsetwe canconstructa metricon thesetof all nonempty, compact
subsetsof

c o
. Let � bethefamily of all nonempty, compactsubsetsof

c o
. Thenthefunction �Og��¹���btc)�

definedby

���Rà m$n�à�o��)g+i�ÄJÅ���j��S©uªOg"à�mC³Ú�Rà�o����8n à%oÜ³Ú�Rà m<����r
is a metricon � . A proof canbefoundin [Hausdorff 1927] Paragraph28.
For thenext theoremtheset 
 in theupperdefinitionhasthespecialform 
kg+i´j�lK� c o g7�Y� l��Y� �áÞ���r .
Theorem2.5 Let l n��7n xl n x�®��ò � !7n#"#$ with �Y� lK� xl��Y� �¾Ì´¿ and �Y� �G� x���Y� �ÒÌ´¿ . Thenfor the sets%'&¹g
i
trace��l���¡9�<n9����¡9��� and %)(Og+i trace� xl���¡9�3n x����¡9�9� wehave

���*%'&�n#%)(���ÌÁ¿�p
Proof: Let ¿ Û g+i max���Y� lÏ� xl��Y� �bn(�Y� �¹� x�%�J� �H� , then ¿ Û Ì�¿ . We show that both %'&,+ �-%)(�� é/. and%)(0+½�*%'&�� é�. hold. Let ð beanarbitrarypoint of %'& . Dueto ð®�1%'&Ii trace��l�n9�Z� , we have a x¡Ü�2� !7n#"#$
with ð®iá��l�� x¡��<n9��� x¡���� . We choosethepoint xðÁg+i±� xl�� x¡9�3n x�a� x¡9�9�@�3% ( . Fromtheassumptionof the theorem
andthe natureof the specialchosenset 
 we have � l�� x¡��)� xl�� x¡����)Þá¿ Û n(� ��� x¡9�)� x��� x¡9���)Þá¿ Û . Therefore,ðK�0
 é . � xða�4+|�-% ( � é . . Analogously, weshow that % ( +|�-% & � é . . Ó
We cansummarizeour considerationsin thefollowing way.

Theorem2.6 Let l n��I�bv mì beanarc-lengthparametrizationof agivenpiecewiselinearcurve trace��ÿX� . If
weapplyalgorithm2.2to l n�� with agiventolerance¿S©uª , weobtainasequenceof functionsl � n�� � �Kv mþ ß
with following properties:

for all � �/þ � we have ��l � � � �<n9� � � � ���)�bÿ>n(8)

����¡65�!�º<¢���l � n9� � �3n�¡65�!�º4¢���ÿX�9�>ÌÁ¿�p(9)

Proof: Sincethein (6) definedapproximationoperatorÔ hasinterpolationpropertiesweget(8).According
to theorem2.3wehave �Y� l � �Dl��Y� �«ÌÏ¿ and �J� � � �D�%�J� �áÌ®¿�p With theorem2.5weobtain(9). Ó

3 Examples

Thealgorithm2.2hasbeenimplementedin MATLAB, andagreatamountof experimentshavebeendone.
In this sectionwe presentsomeexamples.In thefirst two examples,figures3.1 and3.4,we seean origi-
nal curve andits coordinatefunctions,followedby their evolvedversionsobtainedby algorithm2.2 with
tolerancevalues¿Xi�ªZp ªZ� and ¿2i�ªZp ª7� .
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Figure3.1 A givenpiecewiselinear curvewith 287point andits arc-lengthparametrization.
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Figure3.2 Evolvedversionof curvein figure3.1with tolerance¿Xi�ªZp ªZ�"p Numberof points:49.
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Figure3.3 Evolvedversionof curvein figure3.1with tolerance¿Xi�ªZp ª7�0p Numberof points:9.
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Figure3.4 A givenpiecewiselinear curvewith 92 pointandits arc-lengthparametrization.
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In thefollowing threefigureswe seeanoriginal curve,andits two evolvedversions.
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Figure3.7 A givenpiecewiselinear curvewith 39 pointandits evolvedversions.
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Figure3.8 A givenpiecewiselinear curvewith 115point andits evolvedversions.
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Figure3.9 A givenpiecewiselinear curvewith 116point andits evolvedversions.
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