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Discrete Curve Evolution with Hausdorff Distance
Roland Opfer & Longin lan Latecki

Abstract

In this paper we present a discrete curve evolution with a new knot relevance measure. This new
measure has the advantage, that we can determine the Hausdorff distance between the original
and the evolved curve without additional computation. The basic idea is, to parametrize
the curve by two linear spline functions. We calculate a good approximation of these two
spline functions, by spline functions with fewer knots. This approximation is the parametric
representation of our evolved curve. For the purpose of approximating spline function by spline
function with fewer knots we apply a knot removal strategy for linear spline functions, which
we present in the first section of this paper. This knot removal strategy is formulated in very
general terms, so that it could also be applied to spline functions of an arbitrary order and
even to radial basis functions in the multivariate case.

1 Generalstrategyfor knot removal

In [Latecki1998 Latecki1999 Latecki200qQ a greedystyle algorithm for a discretecurve evolution is
presentedThis algorithmworksastonishingvell andleadsto a noisefreerepresentation

of thecurveaswell asto agoodshapeabstractionin [Latecki 200 alsosometheoreticapropertieof this
curve evolutionareproved.However, up to now it wasa majorproblemto find goodcriteriafor terminating
the evolution. In this paperwe presenta similar curve evolution asin [Latecki 1999, but with a different
knotrelevancemeasureThis new measurdasthe advantagethatwe candeterminghe Hausdorf distance
betweerthe original andthe evolved curve without additionalcomputation.

We begin with the definition of a function spacewhich dependsn a certainway on somegiven pointsin
R"™. We give two examplesof suchspacesThe secondoneis introducedin the secondsection.We need
this secondexampleof a datadependenspaceo establistour new, socalledcurve evolution.

Definition 1.1 Let Q beasubsebf R” and X := {z1,2a,...,z,} asetof pairwisedistinctpointsin .
We shallcall afinite dimensionakubspacef { f : ! — R} adatadependenspaceanddenoteit by Sx if
(a) for every subsetX of X, S¢ is avectorsubspacef Sx,
(b) Sx depend®nthedatasetX,
(c) Sx isthenull spacdff X = (.

The elementsof X arealsocalled knots. In mary applicationsproblemsarise,whereone hasa function
f of adatadependenspaceandonewantsto find anapproximatiorof f dependingon a smallerdataset.
In this sectionwe presenta very generalknot removal algorithmfor functionsof a datadependenspace,
which cansolve suchproblems.

First of all we wantto give an examplesof a datadependenspaceln the next sectionwe will work with
a spaceof piecaviselinearfunctions,whichis alsoa datadependenspace For thefirst exampleof a data
dependenspacewne needanextra definition.

Definition 1.2 Let Q beasubsebf R". A function® : Q x Q — R is calledpositivedefinitewith respect
to Q if for all choicesof finite setsX := {1, z2, ..., z,} Of pairwisedistinctpointsin Q the matrix

A = ((I>(.’L'i,SL'j))i’j, Z,] = 1,2,...,m, meN

is positive definite.



The mostcommonpositive definite functionshave the form ®(z,y) = ¢(||z — y||), were ¢ is a func-
tion which mapsR, to R and|| || denoteghe ordinary Euclideannorm. This type of positive definite
function is also called radial basisfunction and somefrequently usedexamplesof thesefunctionsare
d(t) == e, a > 0andg(t) := (2 + a) % a > 0. Thesefunctionshave the astonishingproperty
thatfor arbitrarily mary pairwisedistinctpointsz; € R" the matrix ¢(||z; — z;||):,; is positive definite,
independenof thespacedimension. TheFunctiong(t) := (t2 + a)~2 leadsto theinversemultiquadrics
interpolationwhich is oftenusedin geophysicsAlso very usefulin this context areconditionallypositive
definitefunctionslike ¢(t) := identity or ¢(t) := (t + 1)~ werethe above definedmatrix A is only
positive definite on a certainsubspacef R™. Readersvho wantto obtainsomemoreinformationabout
positive definiteor radial basisfunctionsshouldread[Chengy 2000 and[Schabackl997.

Definition 1.3 Let the function ® be positive definitewith respecto somedomainQ ¢ R" andlet X :=
{z1,22,..., 2y} beasetof pairwisedistinctpointsin Q2. Thenwe introducethe following notation:

Se,x _{f Q—-R: f(z Zaz (2, 2), Oé,'ER}.

Obviously, Ss, x is anexampleof adatadependenspaceaccordingo definition1.1,becauséa)Ss, x isa
finite dimensionalectorspace(b) S¢,x depend®nthedataX, (c) Sy ; is asubspacef Se, x if Xisa
subsebf X, (d) Se,x is thenull spaceffX (. Note thatthemterpolauonproblem to find anf € Sa,x
which satisfiesf (mz) = ¢; for somegivensetof realnumbers:;, hasalwaysa uniguesolution, becausehe
function ® is positive definite.

If M is ary finite set,wedenoteby | M/ | thenumberof its elementsNow we considetthefollowing problem:
For agivendatadependenspaceSx, let|| || beanarbitrarynormonSx. For agiventolerances > 0 and
agivenf € Sx with ||f|| > &, wetry to find asubsetX of X andafunctionf € S¢ sothatthefollowing
two propertieshold:

1) If = fll = min|[|f-gll<e,
§€Sx
2) min ||f —g|| > eforalY c X with |Y| < |X].
gESy

Definition 1.4 We call thejust statedproblemthe knotapproximationproblemfor thefunction f € Sx.

Theorem 1.5 Theknot approximatiorproblemalwayshasa solution.

Proof: For everyfixedsubsetX of X thereis anelementf e S ¢ with
IIf = fIl = min ||f - 4],
gGSX

sinceS is afinite dimensionalectorspaceando(g) := || f — g|| is acontinuousunction.Let X thesetof
all subsetof X, sothatfor eachX € X we haveminzcs _ ||f — g|| < e. ThesetX is notemptybecause
aleastX isin X. SinceX hasonly finite mary points, X “hasfinite mary elementsWe choosea smallest
setX of X anda f € Sy thatsatisfied|f — f|| = minges_ ||f — gl|- ThesetX containsaleastonepoint

becausd|f|| > . ThereforeX andf satisfy(1) and(2). O
In generaljt is very hardto computean exactsolutionof the knot approximatiorproblem,in particular if
thedataset X is large.We now present greedyalgorithm,which candeliver a fairly goodapproximation

of the true solution. The stratgy of the presentedilgorithmis very similar to the stratey of the discrete
curve evolution first presentedn [Latecki1998. For eachpointin X we calculatea relevancemeasue,



which givesus someinformationaboutthe importanceof the point for the function f € Sx. We remove
in eachstepthe point with the lowestrelevance With G(X, X) : Sx = S we denoteanapproximation

operatorwhich mapsfor every subsetX afunction f € Sx to anapproximationG (X, X)f € Sg of f.
TheapproximatioroperatorG is arbitrary, for instanceG couldbeaninterpolationoperatoror amapping
tothebestapproximationif it is unique.ln thenext sectionwe definea G whichis suitablefor our purpose.
If X isagivendatasetand f afunctionof Sx, thenwe calculatetherelevancemeasue of thepointz € X
accordingto theformula

(3) w:=||f = G(X, X\{z}H) /I

Therealnumberw measureshow goodwe canapproximatehefunction f withoutthe pointz.
We now describethe new algorithm.

Algorithm 1.6 Givenfinite setX, afunction f € Sx, atolerances > 0 andl € N with [ < | X]|.
0. Start: X% := X, f0:=f, j:=0andtesf :=0.
1. If |X7| = [ thenstop;

2. determinethe relevancemeasureof all pointsin X7, let z(5) bea pointin X7 with the lowestrele-
vancew(j) := |[f7 — G(X7, X\{z(5) }) f|[;

3.if test +w(j) < e goto 4, elsestop;

4. put
P = GO, X6,
X]"‘Fl = X]\{:I:(])}’
testt! = test +w(j),
j = ] + 17
andgoto 1;

Theorem 1.7 Thegivenalgorithm 1.6 terminatesafter a finite numberof, sayj;, iterations.\\e obtain a
sequencef subsetof X with X1 ¢ Xi+-t c X1—2 ... c X°
andin everystepj, 0 < j < j; thefunction f7 € Sx; satisfieghe estimation

17 = fOl <e.

Proof: In eachexecutedstep4 the algorithmsets X7+ := X7\{z(4)}, soit hasthe claimedinclusion
relation,andin addition,we obtain| X7| = | X| — j. Thereforethealgorithmmustterminate githerbecause
of | X7| =1 or becausef test + w(j) > e. Finally, for 0 < j < j; we obtaintheestimation

L A I e e e AR AT Al

< =7+ = O
= G XN\ - DN = P+
-+ [|1GX0, X\ {2(0)}) £ = £
= w@-—-1+---+w(0)
= w(j—1)+test?
< E&. O

GivenasetX, afunction f € Sx, atolerances > 0, andaninteger! the algorithm1.6 deliversa subset
X of X, andan approximationf € Sg with ||f — f|| < e. We shall denotethis input-outputrelation



by (X, f) = ALG (X, f,&,1). Generally the sumof the relevancemeasuress a very bad upperbound
for the true approximationclassof f to f and||f — f|| is muchsmallerthane. To improve the resultof
algorithm 1.6 we adda “global” approximationstep.In algorithm 1.8 we describethe improved version
of algorithm1.6. Onecould summarizealgorithm1.8 asfollows: We remove successiely the pointswith
the lowestrelevance,until the sumof relevancesexceedsthe giventolerancez. Onecould stopnow with
removing points,andonewould obtaina function £/ which satisfieq| f — f7|| < e. Butgenerallythesum
of therelevancemeasuress a too badupperboundfor the true approximatiorclassof f7 to f. Therefore,
we computen steptwo algorithm1.8 a betterapproximatiorby applyingthe approximatioroperatorG to
f° with the computedpoint set X7. If || f© — G(X, X7)f°|| doesnot exceedthe giventolerancewe can
continueremoving knotsin steponeof algorithm1.8. The algorithm stopswhenin steponeno knot has
beenremoved(thenwith have X7 = X7—1),

Algorithm 1.8 Givenafinite setX, afunction f € Sx, atolerances > 0, and! € Nwith ! < | X]|.
0. Start: X% := X, f0:= f, j:=0andtesf :=0;
1. (X9 ity .= ALG (XY, f7,e — test, 1);

2.1 |f* = G(X, XIH) fO| <&, |XI+1] # | X7 and| X7 # 1, put

[ = G X,
test™2 = [|f° = G(X, X7H) [,
Xit2 -  xitl

jo= i+

andgoto 1, elsestop.

Theorem 1.9 Thegivenalgorithm 1.8 terminatesafter a finite numberof, sayj,, iterations.We obtaina
sequencef subsetof X with X7t ¢ Xii-1 c X2 ... c X°
andin everystepj,0 < j < j; thefunctionf’ € Sx; satisfiethe estimation

17 = £l <e.

Proof: Due the conditionsin steptwo, the algorithmterminatesafter a finite numberof iteration.For all
0 < j < j1 we obtaintheestimation

W=7 = NP =+ =1
< =P+ =
[1F7 = P71+ |IG(X, X97) £ — 1|
<e—test—? —test—*
< E. O

In the next sectionwe do not needthis algorithmin this generalsetting.So we specializat to onedimen-
sionalperiodiclinearsplinefunctions.

A slightly differentstrateyy for the multivariatecaseis testedn [Opfer 2003 with theradialbasisfunction
®(z,y) == ||z —yll.

In [Lyche1987 and[Lyche198§ adifferentknot removal strateyy for B-splinefunctionsis presentedin

[Lyche1986 and[Bbhm198( you canfind someveryfastalgorithmfor approximatingB-splinefunctions
by B-splinefunctiondefinedon a differentbut fixedknot sequence.



2 Approximation of piecewisdinear curves

In this sectionwe presentthe new discretecurve evolution. A greatamountof experimentshasshown,
thatthe new curve evolution hasthe samenice propertiesasthe evolution presentedh [Latecki1994. The
adwantageof thenew evolutionis, thatwe candetermineanupperboundfor theHausdorf distancebetween
theoriginal andevolvedcurve withoutadditionalcomputationWith theHausdorf distanceve haveagood
terminationcriteriaathand,sowe canstoptheevolutionif the Hausdorf distanceexceedsagiventolerance.
The basicideais, to parametrizehe curve by two functionsof the spaceS, (definedbelow). By applying
the knot removal algorithmto thesefunctionswe obtain a good approximationby spline functionswith
fewer knots.This approximations the parametriaepresentatioof our evolvedcurve.

In orderto presenbur new, socalledcurve evolutionin this sectionwe now introducethe next exampleof
adatadependengpace.

Definition 2.1 Lett := {t; < t» < --- < t,} beagivenrealknot sequencandp areal numberwith
p>ty, —t1. Wecall

St :={s € C(R) i=1,...,m—lands|y,, .,y arelinear,s(t) = s(t + p) vt € R}

: Sl[tivti+1]7

spaceof piecaviselinear p-periodic functionswith respecto the knotsequence. If t = @) thenS? is the
null function.In casem = 1, thespaceS! consistf the constanfunctions.

If oneusessplinespace®f anhigherorder it is veryusefulto work with B-splinebasesSeegN iirnbeger198Q
Schumalkr1981 deBoor 197§ to obtaininformationsaboutsplinespacesfor example.

If 7is asubsequencef t thenobviously S% is a subspacef SY. Sowe obtainthatfor afixedrealnumber
p, thesetS? is alsoa datadependenspaceaccordingto definition1.1.

Let P := {p1,p2,---,Pn,Pns1}, pi € R? betheverticesof a closed(thatmeansp; = p,.1) piecavise
linearcurve in R?. With tracg P) we meanthe curve, which oneobtainsby connectingp; with p; 11 by a
straightline, while theset P aretheverticeswhich representhecurve trace P). We alwaysassumehat P
haslengthone,if notsowe rescaleP suchthat

(4) > N pi — piga ll2= 1.
i=1

Now we defineaknotsequence := {t; =0 < t2 < --- < t, } by theproperty
(5) [t; — tix1| =|| Ps — DPig1 |2 fori=1,2,...,n—1.
Doing this, we canchoosewo functionsz, y, € S¥ with p = 1 suchthat
(z(t;),y(t;)) =p;fori=1,... ,nand
trace P) = trac€z, y).

(tracez, y) := {(z(t),y(t)) € R* : ¢ € R})

Accordingto (4) and(5), (z,y) is an arc-lengthparametrizatiorof the curve tracg P). Now we wantto
applytheknot removal algorithmto the functionsz, y, sowe have to specializeéhe normandthe approxi-
mationoperatorG usedin theupperdescriptionof thealgorithm.Our approximatiorshouldbedonein the
standardnax-norm

l|2]|oo = max g |z(2)]-

The evolution shouldhave the propertythatin every stepthe evolved curve P is a subsetof P. For that
reasonwe definethe following interpolationoperatorIf f is afunctionof S? andr is a subsebf t, then
G(t,7) : S — Sk is definedby the property:For every knot

(6) To € TWE ha/eG(t,T)f(To) = f(To)



Sine f € SY is piecavise linear, we just have to storethe valuesof f in the knots of t to describef
completely So,if we wantto computetheinterpolationG(t, ) f, we justdroptheknotsof t which arenot
in 7. Thenormof G(t,7) f — f canalsobecomputedn avery easyway:

[|G(t,7)f = flloo = MaXer|G(t,7) f(T) — f(7)]-

If we appliedtheknotremoval algorithmto = andy separatelyit couldhapperthatafterafew stepsz’ and
y? aredefinedon somedifferentknot sequenceszor avoiding that,we remove pointsof theknot sequence
of x andy only simultaneouslyTherefore we modify the knot removal algorithmasfollows: Let z, y be
two functionsof SY. For every knott € t we define

(7) w = max{|[z — G(t, t\{t})2||oc, [l[y — G(t; t\{t})y]c }-

Therealnumberw measuresow goodwe canapproximateghefunctionssimultaneouslyithouttheknott.
We now describethe modifiedversionof algorithm1.8.

Algorithm 2.2 Givenknotsequence, two functionsz, y € S;, andatolerance: > 0.
0. Start:7 ! :=7%:=¢t, 2%:==z,94%:=y, j:=0andtesf :=0.
1. If |77| = 3 thenstop;

2. determingherelevancemeasuref all knotsin T , let7(j) beaknotfrom jrf with thelowestrelevance
w(j) = max{[|z’ — G(7, P\{7(j) )2’ [|co; [ly" — G(7, P\ {7(1) Do/ [l }:
3.if test +w(j) < e goto4, elsegoto5;

4. put
= G, P\{T(j)),
y o= G P\ {7 DY,
v = A\ 1)},
test™ = test +w(y),
j = j+1,andgotol;
5. if =1 # 7/, put
o = G(t, )z,
gy o= Gt )y,
o=
test™ = max{||z — G(t,7)z||c, ||y — G(t,7)y||e}, andgotol;

elsestop.

Theorem 2.3 The givenalgorithm 2.2 terminatesafter a finite numberof, say j;, iterations.We obtaina
sequencef subsetof 7 with 71 ¢ 7#1—! ¢ #¥1=2 C --- C 7° andin every stepj,0 < j < j; the
functionsz’ € S’;.,-,yj € S{,’.j satisfytheestimation

[|[27 — 2|0 <& and |[|y7 —y||oo < €.

Proof: Sameargumentsasin theoreml.9. O

As mentioned(z, y) is anarc-lengthparametrizatiorof the curve P. Dueto theinterpolationproperty(6)
of theapproximatioroperatorG we have, thatin eachstep; andfor all 7 € 7/

(@7(r),y°(r)) € P.

We now want to obtain someinformation aboutthe Hausdorf distancebetweentracgz,y) =: P and
tracéz’,y’) =: PJ. For readerswho arenot familiar with the notion of Hausdorf distancewe give the
definitionherefor corvenienceWe needfew steps.



Definition 2.4 Let B beanonempty corvex, boundedandpoint symmetric(thatmeanst € B = —z €
B) subsebf R%. Let 2z, € R* andd > 0 begiven.We shallcall

Bs(zo) := {x € R? : 3% € B with z = z¢ + 63}
thegenemlizedball with radiusé andcenterz;.

For asubsetS ¢ R? andé > 0 we definethe Hausdorf parallel setby

S(s = U Bls(iL')

€S

With the help of the Hausdorf parallelsetwe canconstructa metric on the setof all nonempty compact
subset®f R?. LetC bethefamily of all nonempty compacisubset®f R2. Thenthefunctiond : ¢ x ¢ —
R, definedby

5(51,52) = 1nf{5 >0:5 C (52)5,52 C (51)5}

isametriconC. A proofcanbefoundin [Hausdorf 1927 Paragrapi28.
For the next theoremthe setB in the upperdefinitionhasthe specialform B := {z € R? : ||z||e < 1}.

Theorem2.5 Letz,y, #,§ € Cla,b] with ||z — %[/ < € and|ly — §||cc < . Thenfor the setsP; :=
trac€x(t),y(t)) andPy := trac€(t), §(t)) wehave

(5(P1,P2) <eEe.

Proof: Let g9 := max(||z — Z||w, ||y — ¥|/x), theneg < e. We shav thatbothP, C (P2),, and
P, C (P1)., hold.Let p beanarbitrarypointof P;. Dueto p € Py = tracdr,y), we have at € [a, b]
with p = (2(f),y(f)). We choosethe point  := (%(%),§(t)) € P2. Fromthe assumptiorof the theorem
andthe natureof the specialchosenset B we have |z() — #(#)| < o, |y(t) — §(#)| < eo. Therefore,

p € B, (p) C (P2)s,. Analogouslywe shav thatPs C (P1)c,- O
We cansummarizeour considerationin thefollowing way.

Theorem2.6 Letz,y € S{ beanarc-lengthparametrizatiorf a givenpiecaviselinearcurve trace P). If
we applyalgorithm2.2to z, y with agiventolerances > 0, we obtainasequencef functionsz?, 4/ € St
with following properties:

(8) forall 7 € ¥wehave (27 (1), 4’ (1)) € P,
9) S(trace(x?,y?), trace(P)) < e.

Proof: Sincethein (6) definedapproximatioroperatoiG hasinterpolationpropertiesve get(8). According
totheorem2.3wehave |27 — z|| <& and ||y¢ — y||s < &. With theorem2.5we obtain(9). O

3 Examples

Thealgorithm2.2 hasbeenimplementedn MATLAB, anda greatamountof experimentshave beendone.
In this sectionwe presentsomeexamples.In thefirst two examples figures3.1 and3.4, we seean origi-
nal curve andits coordinatefunctions,followed by their evolved versionsobtainedby algorithm 2.2 with
tolerancevaluess = 0.01 ande = 0.03.
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Figure 3.1 A givenpieceaviselinear curvewith 287 pointandits arc-lengthparametrization.
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Figure 3.2 Evolvedversionof curvein figure 3.1 with tolerances = 0.01. Numberof points: 49.
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Figure 3.3 Evolvedversionof curvein figure 3.1 with tolerances = 0.03. Numberof points:9.
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Figure 3.4 A givenpiecewiselinear curvewith 92 pointandits arc-lengthparametrization.
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Figure 3.5 Evolvedversionof curvein figure 3.4 with tolerances = 0.01. Numberof points: 54.
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Figure 3.6 Evolvedversionof curvein figure 3.4 with tolerances = 0.03. Numberof points: 27.
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In thefollowing threefigureswe seeanoriginal curve, andits two evolvedversions.
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Figure 3.7 A givenpieceviselinear curvewith 39 pointandits evolvedversions.
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Figure 3.9 A givenpiecewiselinear curvewith 116 point andits evolvedversions.
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