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Abstract In this paper, we study the problem of how to
reliably compute neighborhoods on affinity graphs. The
k-nearest neighbors (kNN) is one of the most fundamental
and simple methods widely used in many tasks, such as clas-
sification and graph construction. Previous research focused
on how to efficiently compute kNN on vectorial data. How-
ever, most real-world data have no vectorial representations,
and only have affinity graphs which may contain unreliable
affinities. Since the kNN of an object o is a set of k objects
with the highest affinities to o, it is easily disturbed by er-
rors in pairwise affinities between o and other objects, and
also it cannot well preserve the structure underlying the data.
To reliably analyze the neighborhood on affinity graphs, we
define the k-dense neighborhood (kDN), which considers
all pairwise affinities within the neighborhood, i.e., not only
the affinities between o and its neighbors but also between
the neighbors. For an object o, its kDN is a set kDN(o) of
k objects which maximizes the sum of all pairwise affinities
of objects in the set {o} ∪ kDN(o). We analyze the prop-
erties of kDN, and propose an efficient algorithm to com-
pute it. Both theoretic analysis and experimental results on
shape retrieval, semi-supervised learning, point set match-
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ing and data clustering show that kDN significantly outper-
forms kNN on affinity graphs, especially when many pair-
wise affinities are unreliable.
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1 Introduction

kNN is a fundamental method widely used in various tasks
(Cover and Hart 1967; Horton and Nakai 1997; Korn et al.
1996; Connor 2010). For an object, its kNN is a set con-
sisting of its k closest objects, which usually share the same
properties with the given object. For example, in classifi-
cation task (Cover and Hart 1967), the kNN of an object
usually shares the same label as the given object with high
probability.

Since vector is the most convenient and popular data
form for machine processing, there exists extensive liter-
ature on efficient computation of kNN on vectorial data
(Arya et al. 1998; Indyk and Motwani 1998; Connor 2010;
Chan 1998). For data represented as vectors in certain di-
mension, there are two main problems to study: (1) how to
measure pairwise distances, and (2) how to efficiently find
the kNN of any query point based on a selected distance
metric.

Although vectorial representation is very popular, most
real-world data actually cannot be naturally represented in
vectorial form, or may suffer severe information loss if
transformed into vectorial form. For an object, its kNN only
relies on the affinities (or distances) of this object to all other
objects, thus kNN can be applied to different kinds of data,
provided that we can compute the affinity between each pair
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of objects. In real-world applications, we may naturally ob-
tain the affinity graph of a dataset, or it is convenient to com-
pute the pairwise affinities and construct the affinity graph.
For a dataset O with n objects, that is, O = {o1, o2, . . . , on},
f : O × O → R is the affinity function over a pair of ob-
jects. We can construct an affinity graph G with every ver-
tex representing an object and f is the weight function over
edge set. O can represent a large range of objects, such as
features in images, candidate correspondences in correspon-
dence problem and nodes on the Internet. At the same time,
f can take different forms in different applications, and in
most of cases, it has no parametric form. For example, in
image matching or shape matching fields (Ling and Jacobs
2007), f represents the matching score, which is computed
by some matching method, using certain features. Our def-
inition of f includes kernel functions, but we do not re-
strict f to have only non-negative values, in fact, f may
also take negative values, which usually represent dissimi-
larity. In general setting, when a �= b, f (a, b) and f (b, a)

may have different meanings, thus, for every pair of objects,
there may exist two directed edges between them, weighted
by f (a, b) and f (b, a), respectively. At the same time, for
every object a, we assume there exists a self link to itself,
weighted by f (a, a).

Based on a given affinity graph G, it is easy to obtain the
kNN of every vertex (object). However, in real applications,
the pairwise affinities are usually unreliable. First, f (a, b),
the affinity between object a and object b, may result from
accidental relation between object a and object b, such as an
accidental communication on the Internet. Second, the pair-
wise affinities are generally computed independently. For
example, in image matching, f (a, b) and f (a, c), the simi-
larity score between image a and image b and the similarity
score between image a and image c, respectively, are usually
computed independently. Because of the imperfectness of
matching algorithms, the computed affinities are usually in-
accurate, sometimes even wrong and incompatible with each
other. Third, in some situations, f (a, b) only conveys partial
information, that is, large (small) value of f (a, b) only in-
dicates that object a and object b have very high probability
of being similar (dissimilar), and does not mean that they
are really similar (dissimilar). For example, if two images
share some common properties, they probably, but not nec-
essarily, contain similar objects. Obviously, on such affinity
graphs with unreliable affinities, kNN is not reliable, and
may classify dissimilar objects as similar ones.

To our best knowledge, no efforts have ever been devoted
to the problem of how to reliably compute neighborhoods
on affinity graphs. Since the kNN of an object only relies
on the affinities of this object to all other objects, kNN has
no mechanism to resist errors in pairwise affinities and to
preserve structure underlying the data. Intuitively, two near-
est neighbors of an object should also be similar, which is

usually naturally satisfied for vectorial data if the distance
measure satisfies the triangle inequality, but is frequently vi-
olated on affinity graphs with unreliable affinities. Inspired
by this simple phenomenon, we propose to consider the total
affinity, which is defined as S(O) = ∑n

i=1
∑n

j=1 f (oi, oj )

for a set O = {o1, o2, . . . , on} and define the k-dense neigh-
borhood as follows:

Definition 1 In the dataset O , the k-dense neighborhood
(kDN) of an object o, is a set kDN(o) with k objects,
kDN(o) = {op1, op2, . . . , opk

} ⊂ O and o /∈ kDN(o), such
that the total affinity of the set U = {o} ∪ kDN(o) reaches
maximum. That is,

kDN(o) = arg max
T

S({o} ∪ T ),

T ⊂ O, o /∈ T and |T | = k, (1)

where |T | is the cardinality of the set T .

The name dense neighborhood is justified by the fact that
kDN(o), for a given node o, is locally the densest subgrpah
containing o and its k neighbors. The key difference to kNN
is the fact that the k neighbors in kDN(o) are not necessarily
the k nearest neighbors.

Obviously, for an object o, kDN(o) considers not only
the affinities between o and the objects in kDN(o), but also
all pairwise affinities between objects in kDN(o), and it is
the ensemble effect of all pairwise affinities within the set
U = {o} ∪ kDN(o). Thus, kDN(o) represents a locally most
coherent cluster or locally the densest subgraph. For affin-
ity graphs with unreliable affinities, although some pairwise
affinities are unreliable, the ensemble of all pairwise affini-
ties within U is surprisingly reliable, which explains why
kDN is significantly more reliable than kNN. Even for affin-
ity graphs constructed from vectorial data, kDN is usually
better than kNN, as illustrated later, since it is more coher-
ent than kNN.

For certain applications, the affinity function f may be
asymmetric, that is, f (a, b) �= f (b, a) for certain pair (a, b).
In such situation, we can replace f by a new symmet-
ric function f ′ : O × O → R, where f̂ (a, b) = f̂ (b, a) =
f (a,b)+f (b,a)

2 . Since replacing f by f̂ does not change the
total affinity of any cluster of objects, according to the Def-
inition 1, it does not change the kDN of any object, either.
Thus, in the following text, we only consider the symmetric
affinity function f . At the same time, in graphical illustra-
tion, for clarity, we only draw one edge with weight f (a, b)

between two objects a and b, and we also ignore edges with
small weights.

Figure 1 demonstrates the difference between kNN and
kDN over an affinity graph with unreliable affinities. Ac-
cording to the definition of kNN, 3NN(o) = {a, c, q}; how-
ever, since the object a has very low affinities with the ob-
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Fig. 1 kNN vs. kDN on a affinity graph with some unreliable affini-
ties. k = 3, 3NN(o)= {a, c, q}, while 3DN(o)= {b, c, q}. U is the clus-
ter containing b, c, q and o. S(U) is the sum of all pairwise affinities
within the cluster U , thus it is also the sum of all elements in the sub-
matrix B , which is in fact the adjacency matrix of the subgraph U

jects c and q , the high affinity between a and o is proba-
bly wrong. According to our definition of kDN, 3DN(o) =
{b, c, q}, which obviously form a more coherent cluster, to-
gether with o. Intuitively speaking, 3DN(o) is a local dens-
est subgraph which contains o and other 3 vertices. From the
viewpoint of the adjacency matrix A, it is identical to find-
ing a (3 + 1) × (3 + 1) dense sub-matrix B with the same
row and column index set.

Since kDN(o) represents a local coherent cluster around
the object o, the kDNs of all objects then form an atlas of the
whole dataset, which offers a useful tool to uncover patterns
underlying the data. As will be shown afterwards, kDN is
a very versatile tool in many tasks, such as cluster analysis
and classification. While kNN is very useful and popular for
vectorial data, kDN makes significant progress for neighbor-
hood analysis on affinity graphs.

The main contributions of this paper are as follows.
(1) We define the concept of kDN, analyze its properties and
reveal the underlying mechanism on its robustness to unre-
liable affinities. (2) We propose an efficient approximation
algorithm to compute the kDNs over affinity graphs. (3) We
demonstrate the effectiveness of kDN on both vectorial data
and affinity graphs with comparison to kNN and b-matching
method (Jebara and Shchogolev 2006). (4) Based on kDN,
we propose novel algorithms for point set matching and data
clustering tasks, and demonstrate the state-of-the-art exper-
imental results.

The rest of the paper is organized as follows. We intro-
duce the related work in Sect. 2, and present our formulation
of kDN in Sect. 3. In Sect. 4, we analyze the properties of
our formulation and propose an efficient iterative algorithm
to compute kDN. In Sect. 5, the experimental results on
shape retrieval, semi-supervised learning, point set matching
and data clustering are demonstrated. They clearly show the
effectiveness of our proposed kDN. Finally, we draw some
conclusive remarks in Sect. 6.

2 Related Work

There are three categories of algorithms related to our
work. First, from the viewpoint of nearest neighbors, kNN,
b-matching (Jebara and Shchogolev 2006) and our proposed
kDN all compute neighbors, although the objective func-
tions to optimize are different. Second, from the viewpoint
of clustering, our algorithm is similar to the affinity based
clustering algorithms, such as affinity propagation (Frey
and Dueck 2007) and spectral clustering (Ng et al. 2001;
Dhillon et al. 2004; Shi and Malik 2000). All these algo-
rithms try to find coherent clusters based on affinity graphs.
Finally, as will be revealed in Sect. 3, our algorithm is es-
sentially a dense subgraph or dense submatrix detection
method, thus closely related to methods for detecting dense
subgraphs or dense submatrices.

Because of its importance and simplicity, kNN is widely
used in many fields. For example, in classification task
(Goldstein 1972; Han et al. 2001; Denoeux 2008; Cover and
Hart 1967; Li et al. 2001), the k-nearest neighbor classifi-
cation rule is still a general baseline. In computer graphics,
kNN is a necessary building block to recover local geome-
try from point cloud (Fleishman et al. 2005). And in graph
related fields, kNN is the most popular method to construct
sparse graphs (Jebara et al. 2009).

There are many articles on fast computation of kNN
(Arya et al. 1998; Indyk and Motwani 1998; Connor 2010;
Chan 1998; Yu et al. 2001; Kolahdouzan and Shahabi 2004).
Among them, two representative ones are Indyk’s Approxi-
mate Nearest Neighbors (ANN) (Indyk and Motwani 1998)
and Connor’s work (Connor 2010). ANN (Indyk and Mot-
wani 1998) assumes that the distances are measured by
Minkowski metric, which includes the well known Eu-
clidean distance, Manhattan distance, and max distance, and
speeds up the computation of approximate nearest neigh-
bors by kd-tree technique (Bentley 1975). In (Connor 2010),
Connor utilizes Z-order of points, a space filling curve tech-
nique, to speed up the computation of nearest neighbors. All
these methods are only suitable for vectorial data, and can-
not deal with affinity graphs.

kNN is not symmetric, which is not desirable in many
situations (Jebara and Shchogolev 2006). To overcome this
shortcoming, Jebara and Shchogolev propose the b-matching
(Jebara and Shchogolev 2006) method to compute symmet-
ric nearest neighbors. The same as kNN, b-matching does
not consider the interactions among neighbors.

Since k-dense neighborhood form a local coherent clus-
ter, our algorithm is essentially an affinity based cluster
detection algorithm. There are many clustering algorithms
based on pairwise affinities, such as affinity propagation
(Frey and Dueck 2007), kernel k-means (Ng et al. 2001;
Dhillon et al. 2004) and normalized cut (Shi and Malik
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2000). Affinity propagation (Frey and Dueck 2007) auto-
matically selects exemplars and assigns other points to ex-
emplars. Kernel k-means (Ng et al. 2001; Dhillon et al.
2004) generalizes the well-known k-means method into ker-
nel space, while the normalized cut method (Shi and Ma-
lik 2000) utilizes the second smallest eigenvector of the
Laplacian matrix to bisect the data. All these methods are
partition-based, and insist on assigning each data point into a
cluster. In many real applications, especially when the num-
ber of outliers is large compared to the size of the data set,
insisting on partition every point into a cluster usually leads
to bad results. In contrast, our k-dense neighborhood based
clustering algorithm can automatically detect outliers and
points near the boundaries, leaving these points un-grouped
and clustering other “easy” points with very high precision.

Since each local coherent cluster corresponds to a dense
subgraph on the affinity graph, or a dense submatrix in the
adjacency matrix of the affinity graph, our proposed algo-
rithm is in fact an efficient dense subgraph and dense sub-
matrix detection algorithm. Dense subgraphs (submatrices)
are widely used in many fields. For example, the community
structure (Clauset et al. 2008), which appears in social net-
works, is in fact a dense subgraph of the social network. The
maximal clique (Ouyang et al. 1997), which plays a funda-
mental role in many graph related problems, is also a kind
of dense subgraph. In machine learning field, the one-class
clustering/classification problem (Gupta and Ghosh 2005;
Crammer et al. 2008), which finds a small and coherent sub-
set of points within a given data set, arises naturally in a
wide range of applications. Such coherent subsets of points
also form dense subgraphs.

In essence, detecting dense subgraphs is a combinatorial
optimization problem, thus NP-hard (Asahiro et al. 2002).
Obviously, directly enumerating all dense subgraphs is pro-
hibitive. Many approximation algorithms have been pro-
posed for computing dense subgraphs (Pavan and Pelillo
2007; Ouyang et al. 1997; Zaki et al. 1997; Hu et al. 2005;
Gibson et al. 2005). Among them the most famous one
was proposed by Motzkin and Straus (1965), and they have
proven that solving maximal clique problem is equivalent
to finding the maxima of a quadratic function on the sim-
plex. The weighted counterpart of maximal clique, dom-
inant set, also corresponds to a dense subgraph, and has
been used for pairwise clustering (Pavan and Pelillo 2007).
These algorithms are computationally expensive, both in
time and space. At the same time, they usually miss impor-
tant dense subgraphs. Our algorithm optimizes the same ob-
jective function as the method in (Motzkin and Straus 1965),
but imposes one more constraint which controls the size
of dense subgraphs. Our algorithm can find all significant
dense subgraphs efficiently with high probability.

3 Problem Formulation

As introduced in Sect. 1, for a dataset O = {o1, o2, . . . , on}
with the affinity function f : O × O → R, we can construct
an affinity graph G with every vertex representing an ob-
ject and every edge representing the affinity between the
corresponding objects of its two nodes. Denote the adja-
cency matrix of the affinity graph G as A, that is, A(i, j) =
f (oi, oj ),1 ≤ i ≤ n,1 ≤ j ≤ n. When i �= j , f (oi, oj ) rep-
resents the affinity between object oi and object oj . When
i = j , f (oi, oj ) may have different meanings in different
applications. In some applications, f (oi, oi) simply repre-
sents the similarity between an object and itself. Since an
object is most similar with itself, in such cases, f (oi, oi)

is usually equal to a constant which represents the highest
affinity value. In other applications, f (oi, oi) may be as-
signed a value which represents certain quantity of the ob-
ject oi . For example, in discrete labeling, oi represents an
assignment, and f (oi, oi) then represents the score of this
assignment.

According to the definition of kDN, to compute the kDN
of an object o, we need to find the solution to the following
combinatorial optimization problem:

kDN(o) = arg max
T

S({o} ∪ T ),

T ⊂ O, o /∈ T and |T | = k. (2)

For a set U , suppose y(U) is its indicator vector, i.e., a col-

umn vector such that yi(U) = {1, oi ∈ U
0, oi /∈ U , i = 1, . . . , n, then

the total affinity of the set U can be represented in the fol-
lowing form:

S(U) =
∑

oi∈U

∑

oj ∈U

f (oi, oj ) = y(U)T Ay(U), (3)

and (2) can be represented as:

⎧
⎪⎪⎨

⎪⎪⎩

max
y

{S(y) = yT Ay},

s.t.
∑

i

yi = k + 1, yi ∈ {0,1} and yo = 1.
(4)

The constraint
∑

i yi = k + 1, yi ∈ {0,1} means the solution
y indicates k + 1 objects, while the constraint yo = 1 means
that the solution must contain the object o.

Note that we can decompose y into two parts, that is,
y = yo + yu, where yo is the indicator vector of the object o

and yu is the indicator vector of the other objects, then we
have:

S(y) = (yo + yu)
T A(yo + yu)

= yT
o Ayo + 2yT

o Ayu + yT
u Ayu. (5)
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The first term yT
o Ayo is a constant, the second term 2yT

o Ayu

is the objective function that standard kNN maximizes,
while the third term yT

u Ayu represents interactions among
the k selected objects. Consequently, (5) nicely illustrates
the key difference between kNN and the proposed kDN.

We first divide S(y) by (k+1)2, which is a constant when
k is fixed:

S(y)

(k + 1)2
= yT Ay

(k + 1)2
=

(
y

k + 1

)T

A

(
y

k + 1

)

= xT Ax, (6)

where x = y
k+1 , then we transform (4) into:

⎧
⎪⎪⎨

⎪⎪⎩

max
x

{g(x) = xT Ax},

s.t.
∑

i

xi = 1, xi ∈
{

0,
1

k + 1

}

and xo = 1

k + 1
.

(7)

Since there are (k + 1)2 components in S(y), g(x) repre-
sents the average affinity within the vertex set corresponding
to the positive elements in x.

The complexity of (7) mainly comes from the constraint
xi ∈ {0, 1

k+1 }, which requires that each component of x

can only have two possible values, either 0 or 1
k+1 . In this

work, we relax this constraint to xi ∈ [0, 1
k+1 ]. To simply

the notion, we let δ = 1
k+1 and denote the solution space

{x|∑n
i=1 xi = 1, xi ∈ [0, δ], xo = δ} as V δ

o , then we get a
constrained quadratic programming problem:
⎧
⎨

⎩

max
x

{g(x) = xT Ax},

s.t. x ∈ V δ
o .

(8)

Note that V δ
o is part of the simplex in Rn.

Although (8) is an approximation of (7), its solution is
usually the correct kDN(o), and we will demonstrate this
point in the experimental part. At the same time, formula-
tion (8) has many good properties, and we highlight some
important ones in the following:

• Adding a constant to all elements of A will not affect the
solution. Suppose C is an n × n matrix with all elements
equal to c, then ĝ(x) = xT (A + C)x = g(x) + xT Cx =
g(x) + c, thus, ĝ(x) and g(x) have the same maximiz-
ers. In the same way, multiplying A by a positive value
c will not affect the solution, since ĝ(x) = xT (cA)x =
cxT Ax = cg(x). Owing to these properties, we simply
assume A(i, j) ∈ [0,1],∀i, j ∈ {1,2, . . . , n} in this work.

• The adoption of �1-norm in (8), that is,
∑n

i=1 xi = 1,
makes the solution sparse, which means that the neigh-
bors are automatically selected, and other objects are dis-
carded. xi has an intuitive probabilistic meaning, namely,
it represents the probability of oi ∈ {o} ∪ kDN(o). For
oi �= o, the larger xi is, the more probably oi ∈ kDN(o).

• Since δ = 1
k+1 and xi ≤ δ, the number of non-zero com-

ponents of the solution x∗ is at least k +1. In fact, in most
cases, the number is exactly k +1. Even when the number
of non-zeros components is larger than k + 1, we can eas-
ily select the k neighbors according to their probabilities.

The formulation (8) is similar to the standard quadratic
programming problem (SQP) (Bomze and De Klerk 2002),
and both of them maximize a quadratic function on the sim-
plex. The difference lies in that (8) has an extra constraint
xi ≤ δ, which can prevent x from being dominated by a
small number of components. Although there are many nu-
meric methods to solve the constrained quadratic program-
ming problem, by analyzing the properties of (8), a more
efficient algorithm can be found, which can also scale up
well.

4 Solution

The objective function g(x) = xT Ax,x ∈ V δ
o may have

many local maxima, and the solution of (8) is its global
maximizer. All local maximizers of the function g(x) =
xT Ax,x ∈ V δ

o constitute a set, denoted by Υ δ
o . In this sec-

tion, we first analyze the common properties of the elements
in Υ δ

o , and then introduce our algorithm to compute the so-
lution of (8).

4.1 Properties of the Solution

Since xo = δ, there is n − 1 variables in (8), that is,
{xi |oi �= o}. For each variable xi, oi �= o, we add two
Lagrangian multipliers, μi and βi , and for the equation∑

i xi = 1, we add a Lagrangian multiplier λ, then we can
obtain the Lagrangian function of (8):

L(x,λ,μ,β) = 1

2
g(x) − λ

(
n∑

i=1

xi − 1

)

+
∑

i,oi �=o

μixi

+
∑

i,oi �=o

βi(δ − xi). (9)

Any local maximizer x∗ must satisfy the Karush-Kuhn-
Tucker (KKT) conditions (Kuhn and Tucker 1951), i.e., the
first-order necessary conditions for local optimality. That is,
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(Ax∗)i − λ + μi − βi = 0, oi �= o;
∑

i,oi �=o

x∗
i μi = 0;

∑

i,oi �=o

(δ − x∗
i )βi = 0.

(10)

Since x∗
i , μi and βi are all nonnegative,

∑
i,oi �=o x∗

i μi = 0
is equivalent to saying that when oi �= o, if x∗

i > 0, then
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μi = 0, and
∑

i,oi �=o(δ − x∗
i )βi = 0 is equivalent to saying

that when oi �= o, if x∗
i < δ, then βi = 0. Hence, the KKT

conditions can be rewritten as:

(Ax∗)i

⎧
⎨

⎩

≤ λ, x∗
i = 0 and oi �= o;

= λ, 0 < x∗
i < δ and oi �= o;

≥ λ, x∗
i = δ and oi �= o.

(11)

Note that (Ax)i = ∑
j A(i, j)xj = eT

i Ax, where ei is a col-
umn vector with only the ith component equal to 1 and zero
otherwise. Since it reflects the total affinity of oi to other
objects represented by x, we call it reward at object oi , and
denoted it by ri(x). Since g′(x) = 2Ax, the reward at node
i is in fact half of the partial derivative ∂g

∂xi
(x).

According to x and δ, the dataset O can be divided into
four disjoint subsets, {o}, S1(x, δ) = {oi |xi = 0}, S2(x, δ) =
{oi |xi ∈ (0, δ)}, and S3(x, δ) = {oi |xi = δ, oi �= o}. The in-
dex set of all non-zero components of x constitutes its sup-
port, which is denoted by ζ(x), and |ζ(x)| denotes the size
of ζ(x).

A point x ∈ V δ
o satisfying (11) is called a KKT point, and

all KKT points form a set, denoted by Γ δ
o . Since KKT condi-

tion is a necessary condition, then Υ δ
o ⊆ Γ δ

o , and (11) in fact
characterizes the common property of the local maximizers
of the function g(x) = xT Ax,x ∈ V δ

o , which is summarized
in the following theorem.

Theorem 1 If x∗ is the local maximizer of the function
g(x) = xT Ax,x ∈ V δ

o , then there exists a constant λ such
that (1) the rewards at all objects belonging to S1(x

∗, δ) are
not larger than λ; (2) the reward at all objects belonging to
S2(x

∗, δ) are equal to λ; and (3) the rewards at all objects
belonging to S3(x

∗, δ) are not smaller than λ.

4.2 Compute Maximizers by Pairwise Updating

Our aim is to obtain the global maximizer of the function
g(x) = xT Ax,x ∈ V δ

o . Although Theorem 1 states the com-
mon properties of all local maximizers (including the global
maximizer), it does not point out how to compute these local
maximizers.

For any x ∈ V δ
o , we propose to update it in the following

pairwise way:

xnew
k =

⎧
⎨

⎩

xk, k �= i, k �= j ;
xk + α, k = i;
xk − α, k = j .

(12)

That is, each time we only update a pair of components
(xi, xj ), i �= j , as the change in value of function g(x) we
obtain:

Δg(x) = g(xnew) − g(x)

= (Aii + Ajj − 2Aij )α
2

+ 2

(∑

k

Aikxk −
∑

k

Ajkxk

)

α

= (Aii + Ajj − 2Aij )α
2 + 2(eiAx − ejAx)α

= (Aii + Ajj − 2Aij )α
2 + 2(ri(x) − rj (x))α. (13)

To maximize Δg(x), according to (13) and the con-
straints over x, α can be computed in the following way:

α =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min(xj , δ − xi),

ri(x) > rj (x),Aii + Ajj − 2Aij ≥ 0;
min(xj , δ − xi,

rj (x)−ri (x)

Aii+Ajj −2Aij
),

ri(x) > rj (x),Aii + Ajj − 2Aij < 0;
min(xj , δ − xi),

ri(x) = rj (x),Aii + Ajj − 2Aij > 0.

(14)

Note that we just consider the situation where ri(x) ≥ rj (x),
when ri(x) < rj (x), we can exchange i and j .

From (13) and (14), we obtain that: (1) if ri(x) > rj (x),
then there exists α > 0 such that g(x) can be increased by
updating x according to (12); (2) when ri(x) = rj (x), if
Aii +Ajj −2Aij > 0, g(x) can also be increased by increas-
ing either xi or xj , and decreasing the other one; (3) when
ri(x) = rj (x) and Aii + Ajj − 2Aij = 0, according to (13),
we can change x without affecting the value of g(x), which
means that x may be on a ridge or a plateau.

As stated before, since xi ≤ δ = 1
k+1 , the number of non-

zero components of the elements in Υ δ
o is at least k + 1.

However, in some cases, we can get very firm result, which
is stated in the following theorem:

Theorem 2 If Aii +Ajj − 2Aij > 0 for all i, j ∈ {1, . . . , n}
and δ = 1

k+1 , then for any x ∈ Υ δ
o we have |ζ(x)| = k + 1.

Proof According to Theorem 1 and (13), we know that if
x ∈ Υ δ

o and Aii + Ajj − 2Aij > 0, then oi and oj can-
not coexist in S2(x, δ). For any x ∈ Υ δ

o , if |ζ(x)| > k + 1,
then S2(x, δ) contains at least 2 objects, namely oi and oj ;
however, since Aii + Ajj − 2Aij > 0, this is impossible.
Thus, our assumption is not correct and the theorem has
been proved. �

In many applications, self-links have no meanings and
we can freely assign values to them. According to the tasks,
we usually adopt two strategies: (1) if the aim is to get accu-
rate k neighbors, according to Theorem 2, we can assign the
largest possible value of affinity (1) to all self-links; (2) if the
aim is to automatically detect local clusters, we usually as-
sign the smallest possible value of affinity (0) to all self-links
to encourage automatic cluster detection. In such cases, the
parameter δ is utilized to control the minimal size of the lo-
cal clusters.

Note that the formulation (8) is closely related to the
dominant set method proposed by Pavan and Pelillo (2007).
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Algorithm 1 Compute the local maximizer x∗ from a start-
ing point x ∈ V δ

Q

1: Input: The weighted adjacency matrix A of graph G,
the starting point x and δ.

2: repeat
3: Select oi ∈ S1(x, δ)∪S2(x, δ) with the largest reward

ri(x);
4: Select oj ∈ S2(x, δ) ∪ S3(x, δ) with the smallest re-

ward rj (x);
5: if ri(x) > rj (x) then
6: Compute α according to (14), update x and re-

wards;
7: else if ri(x) = rj (x) then
8: Find a pair (ot ,os ) satisfying Att +Ass − 2Ats > 0

and rt (x) = rs(x), where ot ∈ S1(x, δ) ∪ S2(x, δ)

and os ∈ S2(x, δ) ∪ S3(x, δ), respectively. If such a
pair exists, then compute α according to (14), up-
date x and rewards; Otherwise, x is already a local
maximizer.

9: end if
10: until x is the local maximizer
11: Output: The local maximizer x∗.

Both of these two methods detect dense subgraphs by
quadratic programming. However, the difference in con-
straint results in different algorithms. In our method, kDN(o)
always contains the object o; while in the dominant set
method, the detected clusters cannot guarantee to contain
certain objects. In our method, the constraint over xi is
xi ∈ [0, δ]; while in the dominant set method, the constraint
over xi is xi ∈ [0,1]. Since δ ≤ 1, our method in fact limits
the upper-bound of xi , which not only prevents x from be-
ing dominated by a small number of components, but also
results in the accurate number of neighbors according to
Theorem 2. In other words, the method in Pavan and Pelillo
(2007) does not guarantee that the obtained dense subgraph
contains k elements.

By iteratively utilizing the update equation (12) and com-
puting α according to (14), we can efficiently compute a lo-
cal maximizer x∗ of g(x) = xT Ax,x ∈ V δ

o from any start-
ing point x ∈ V δ

o , and the algorithm is summarized in Algo-
rithm 1.

In each iteration, to maximize the increase of g(x), Al-
gorithm 1 adopts a heuristic strategy to select a pair (oi, oj ):
selecting the pair (oi, oj ) such that oi is the object with
the largest reward among the objects whose probabilities
can increase (objects in the set S1(x, δ) ∪ S2(x, δ)), and
oj is the object with the smallest reward among the ob-
jects whose probabilities can decrease (objects in the set
S2(x, δ) ∪ S3(x, δ)). According to (13), this pair has the po-
tential to maximize the increase of g(x). Intuitively speak-
ing, we select the “best” vertex and the “worst” vertex and

then update their corresponding components of x. When the
rewards of oi and oj is equal, we get a KKT point, and then
we check whether a local maximizer has been reached or
not according to (14). If g(x) cannot be increased, then x is
already a local maximizer, otherwise it is not.

In each iteration, Algorithm 1 only deals with two com-
ponents of x, and only the rewards of the objects with large
affinities to these two objects need to be updated, thus it is
very efficient, both in time and memory. Intuitively speak-
ing, Algorithm 1 prefers objects with large rewards and tries
to increase the probabilities of objects with large rewards,
and at the same time, decreases the probabilities of objects
with small rewards.

4.3 Construct Initializations Using Neighborhood
Information

Since Algorithm 1 can find a local maximum of the function
g(x) = xT Ax,x ∈ V δ

o from any initialization x ∈ V δ
o , to find

the global maximum, we need an initialization lying in the
attractive basin of the global maximum. In theory, it is hard
to generate initializations with such guarantee. However, in
many real applications, the global maximum is usually sig-
nificantly larger than other maxima and its attractive basin
usually covers a very large region. In such case, we have a
very high probability to generate initializations lying in the
attractive basin of the global maximum, especially when we
explore the local data distribution around the object o.

Although no principled criterion, there is a general
heuristic rule to construct the initialization lying in the
attractive basin of the global maximum: the initialization
should contain as many real nearest neighbors as possible.
This is because the affinities between real nearest neighbors
are usually large. If many real nearest neighbors are con-
tained in the initialization, they will contribute to each other
on the rewards and their rewards are usually large. At the
same time, other objects in the initialization usually can-
not form coherent clusters, thus, their rewards are usually
small. As Algorithm 1 iterates, the probabilities of real near-
est neighbors increase and the probabilities of other objects
decrease, and finally coverage to the true kDN of o.

According to this heuristic rule, there are two natural ini-
tialization schemes. One is based on kNN(o) and the other
is based on εNN(o). The initialization based on kNN(o) is
a vector with xj = δ if oj ∈ {o} ∪ kNN(o) and xj = 0 oth-
erwise, where δ = 1

k+1 . The initialization based on εNN(o)

is a vector with xo = δ, xj = 1−δ

|εNN(o)| if oj ∈ εNN(o) and
xj = 0 otherwise. Note that ε must be selected to ensure
that |εNN(o)| ≥ k. The initialization constructed in this way
usually lies in the attractive basin of the global maximum
of g(x) = xT Ax,x ∈ V δ

o , since usually only a small portion
of pairwise affinities are not reliable and most of objects in
kNN(o) and εNN(o) are true nearest neighbors of o. In the
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Algorithm 2 Refine the candidate kDNs of all objects in the
dataset O

1: Input: O and the candidate kDNs of all objects in O .
2: Sort the objects in dataset O in descending order ac-

cording to the total affinities of their candidate kDNs.
3: Set M = ∅;
4: repeat
5: Select an object o /∈ M whose candidate kDN has the

largest total affinity, and add it into the set M ;
6: for every object oi belonging to the candidate kDN

of o do
7: If oi /∈ M , then set the candidate kDN of oi to the

candidate kDN of o and add oi into the set M ;
8: end for
9: until |M| = |O|

10: Output: The refined candidate kDNs of all objects
in O .

experiments, we select the initialization scheme according
to the properties of the applications.

For each object o, we can construct an initialization and
then obtain a local maximizer x∗ by Algorithm 1. As stated
before, x∗ in fact represents a local coherent cluster, which
contains at least k + 1 objects, together with o. Imagining
that there exist real clusters in the dataset O , then for each
object in a real cluster, the obtained local maximizer x∗ is
very likely to represent part of a real cluster. At the same
time, each obtained cluster has at least k + 1 objects, which
means that we can control the lower bound of the size of
obtained cluster. This property is very useful, since in many
applications, clusters of very small sizes are usually not de-
sirable (Shi and Malik 2000). Thus, Algorithm 1 in fact of-
fers a flexible tool to detect clusters underlying the data.

Based on the local maximizer x∗, we can construct a can-
didate kDN of o. Since x∗

i , oi �= o represents the probability
of oi ∈ kDN(o), we select the k most probable objects to
construct the candidate kDN. In most of cases, the candi-
date kDN is kDN(o); even if it is not kDN(o), it usually
has large intersection with kDN(o). At the same time, the
kDNs of different objects are dependent. For two objects oi

and oj , if oi is an element of kDN(oj ), then the total affin-
ity of kDN(oi ) should be not smaller than the total affinity
of kDN(oj ), otherwise the candidate kDN of oi is not the
kDN(oi ) and kDN(oj ) is a better candidate kDN of oi . Since
we usually need to find the kDNs of many objects and for
some objects, their candidate kDNs are not their true kDNs,
we can use this dependency information to get the true kDNs
of these objects.

Suppose we need to find the kDNs of all objects in the
dataset O = {o1, . . . , on}. Based on the candidate kDNs of
all objects and utilizing the dependency of kDNs of different
objects, we can refine the candidate kDNs by Algorithm 2.

For some object oi , maybe the initialization does not lie
in the attractive basin of the global maximum of the func-
tion g(x) = xT Ax,x ∈ V δ

oi
, thus, the obtained local max-

imizer is not its global maximizer and the candidate kDN
is not its kDN. However, for another object oj ∈ kDN(oi),
kDN(oj ) may be the same as kDN(oi). If we find the global
maximizer of the function g(x) = xT Ax,x ∈ V δ

oj
, accord-

ing to Algorithm 2, we may also get the kDN of oi . Thus,
the dependency between kDNs of different objects may in-
crease the chance of finding the true kDN, and Algorithm 2
not only increases the accuracy of kDNs, but also makes the
kDNs of different objects consistent.

4.4 Implemental Details and Time Complexity

In the implementation of Algorithm 1, to save the mem-
ory, the adjacency matrix A is usually stored in sparse form,
and the entries of very small values are discarded. Suppose
the number of stored entries is m, then at the initialization,
the time complexity of computing rewards for all variables
is O(m). We use the heap data structure to store both sets
S1(x, δ) ∪ S2(x, δ) and S2(x, δ) ∪ S3(x, δ). Since there are
at most n objects in each heap, the time complexity of con-
structing two heaps is O(n). In each iteration, the time com-
plexity of finding a pair of objects is O(log(n)). At the
same time, we need to update the rewards of affected ob-
jects, which are neighbors of the selected two objects, and
also adjust the heap structure. The time complexity of ad-
justing the position of an object in a heap is O(log(n)).
Suppose the number of neighbors of each object is h and
the number of iterations is t , then the total time complex-
ity of Algorithm 1 is O(t(h + log(n) + h log(n)) + m + n)

and the time complexity of computing kDNs of all objects is
O(nt(h+ log(n)+h log(n))+nm+n2). The time complex-
ity of Algorithm 2 is O(n log(n)) and the main computation
cost is the sort operation.

5 Experimental Results

Both kNN and kDN are neighborhood analysis techniques.
Thus, kDN is a natural alternative to kNN in many appli-
cations, such as object retrieval (Ling and Jacobs 2007) and
classification (Cover and Hart 1967). Because kDN better
preserves the neighborhood structure, especially on affinity
graphs with unreliable affinities, kDN can get much better
results than kNN, and hereafter we demonstrate this point
with experiments on shape retrieval and semi-supervised
learning. We also compare with the b-matching method (Je-
bara et al. 2009), which is another neighborhood analysis
technique that provides symmetric neighborhoods.

Since kDN(o) is a locally coherent cluster around ob-
ject o, as stated in Sect. 4, kDN is also a good cluster analy-
sis tool. Based on Algorithm 1, we propose a novel point set
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matching algorithm, and show that it is very robust to noises
and outliers. Based on kDN, we also propose a new clus-
tering method, and illustrate its performance on four popu-
lar datasets, Iris, Wine, Breast-cancer (Frank and Asuncion
2010) and Australian (Chang and Lin 2001).

5.1 Precision of Candidate kDNs

For an object, the candidate kDN obtained by Algorithms 1
and 2 may be not its kDN. First, kDN is the solution of (7),
but we compute it by solving the relaxed problem (8), which
is an approximation of (7). Second, the obtained local max-
imizer of (8) may be not its global maximizer.

To evaluate the precision of the candidate kDNs, we con-
duct the following experiment: randomly generate a 20 × 20
symmetric matrix, with each element of the matrix being a
uniformly distributed random number in the range [0,1] to
represent similarity between a pair of points, then we com-
pute the candidate kDN of every object and compare it with
the true kDN obtained by exhaustive enumeration. Note that
such randomly generated matrices do not contain obvious
clusters; while in the real applications, there often exists ob-
vious clusters. Thus, computing kDNs on such randomly
generated matrices is much harder than computing kDNs on
real data, since the average affinities of real clusters are usu-
ally significantly larger than the average affinities of other
groups of objects.

For an object o, the computed candidate kDN by Algo-
rithms 1 and 2 is assumed to be R. Because of the relax-
ation in (8) and the obtained local maximizer may be not
the global maximizer of (8), R may be not the real kDN
of o. How to measure the precision of R? From the view-
point of nearest neighbors, a natural measure is correct ra-

tio, which is defined to be |R∩kDN(o)|
k

, namely, the percent-
age of correct k-nearest neighbors in R. From the viewpoint
of maximum, another natural measure is difference ratio,
which measures how well the local maxima approximates

the global maximum, and is defined to be S(kDN(o))−S(R)

S(kDN(o))
.

Figure 2 illustrates the average correct ratio and average
difference ratio as k varies. In this experiment, we utilize
kNN to construct the initializations. Of course, we can also
use εNN to construct the initializations. For each value of k,
we repeat the experiments 30 times to obtain the mean per-
formance. Figure 2 reveals an important fact: as k increases,
the performance generally improves. This is because the to-
tal affinity is the sum of (k + 1)2 elements, and such ensem-
ble effect is generally enhanced as the number of elements
increases. At the same time, at small k, the correct ratio
seems to be not high, however, the difference ratio is very
small, which means that the errors resulting from the small
differences between global maximum and local maxima. In
real applications, the differences between global maximum

Fig. 2 Average performance of our algorithm, evaluated based on
ground truths obtained by exhaustive enumeration

Fig. 3 (a) Time complexity of both our method and exhaustively enu-
meration method on randomly generated 20 × 20 symmetric matrix.
(b) Histogram of differences in total affinity between candidate kDNs
and true kDNs

and local maxima are usually very large, in such situations,
even at small k, the correct ratios are usually very high.

In Fig. 3(a), the red solid curve shows the time complex-
ity of our algorithm, while the green dotted curve shows the
time complexity of the exhaustive enumeration method. The
exhaustive enumeration is very time-consuming, and when
n is large, exhaustive enumeration is time-prohibitive. How-
ever, our method is very efficient and has high probability to
find the correct kDNs.

In another experiment, we set n = 20 and k = 10, and
repeat the experiment 30 times. Thus, the total number of
candidate kDNs is 20 × 30 = 600. For each candidate kDN
obtained by our algorithm, we calculate its difference in total
affinity with the true kDNs obtained by exhaustive enumer-
ation. The histogram of the difference is shown in Fig. 3(b).
As expected, most differences are zeros, which means that
the candidate kDNs are true kDNs. Even for those candi-
date kDNs which are not true kDNs, the differences are very
small.

In Fig. 4(a), we do the experiments on randomly gen-
erated 30 × 30 symmetric matrix. Our proposed method is
still very efficient; however, the exhaustively enumeration
method becomes very time-consuming. For each value of k,
we only do the experiments one times, because of the high
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Fig. 4 (a) Time complexity of both our method and exhaustively enu-
meration method on randomly generated 30 × 30 symmetric matrix.
(b) Time complexity of our method on randomly generated symmetric
matrix of size N × N , with k = 20

Fig. 5 (Color online) (a) Graph illustration of the affinity matrix,
with red represents large affinities and blue represents small affinities.
(b) The curve of average correct ratio as k varies from 5 to 19

time complexity of exhaustively enumeration method. Note
that as the size of matrix increases (from 20 in Fig. 3(a) to
30 in Fig. 4(a)), the time complexity of the exhaustively enu-
meration method increases very quickly. In Fig. 4(b), we fix
k = 20, increase the size of matrix (N ) from 100 to 1000,
and repeat the experiments 30 times for each value of N .
Obviously, our method is still very efficient for very large
matrix.

We also do the experiments on a 900 × 900 matrix ob-
tained from the point set matching experiment described in
the Sect. 5.3.1. The matrix is illustrated in Fig. 5(a). The
first 20 objects form a real cluster, thus, there is a very dense
20 × 20 submatrix in the upper left corner of Fig. 5(a). In
this experiment, we only compute the kDNs of the first 20
objects, since the kDNs of other objects are meaningless.
We vary k from 5 to 19 and demonstrate the average correct
ratio in Fig. 5(b). The obtained candidate kDNs are always
true kDNs, since there exists obvious cluster structure in the
data, and the average affinity of the first 20 objects is signif-
icantly larger than the average affinities of any other groups
of 20 objects.

5.2 kDN vs. kNN and b-matching

To clearly illustrate the differences between kNN,
b-matching method (Jebara et al. 2009) and kDN, we first
perform experiments on two toy datasets, namely, affinity
graphs with unreliable affinities and the two-moons dataset.
On the affinity graphs, we will demonstrate that kDN can
suppress the influence of some unreliable affinities and ob-
tain more reliable neighborhoods than kNN and b-matching
method; while on the two-moons dataset, we will demon-
strate that kDN can preserve the structure underlying the
dataset. Then we compare the three methods on two tasks,
namely, shape retrieval and semi-supervised learning. In
both tasks, all other factors are fixed and remain the same,
and we only replace kNN by kDN and b-matching method
to compare the performance. The initializations of Algo-
rithm 1 is constructed based on kNN. Since we need to
find exactly k neighbors, in these two tasks, we set the
weights of self-links as 1 and keep all the pairwise affini-
ties smaller than 1. According to Theorem 2, in such situa-
tion, the number of obtained neighbors is exactly k. For the
b-matching method, we use the c code provided by the au-
thor, which can be downloaded from the following website:
http://www.cs.columbia.edu/~jebara/code/loopy/.

5.2.1 Results on Toy Datasets

To clearly illustrate that kDN can obtain more reliable
neighborhoods on affinity graphs, we do the experiment on a
toy problem. We first generate an affinity graph with 3 clus-
ters, with each cluster contains 30 vertices, and the affinities
between vertices in the same cluster are 1s, otherwise 0s.
Then we randomly choose edges and modify their weights
from 0 to 1 or from 1 to 0. In this way, we obtain an affinity
graph with unreliable affinities. We randomly choose edges
for 90(90−1)

2 α times. Thus, the number of unreliable affinities
is roughly controlled by α (an edge may be chosen multiple
times). On the generated affinity graph, for each vertex, we
calculate its 29 neighbors by kNN, b-matching method and
kDN, respectively, and the average precision of the neigh-
bors is used for comparison.

In our experiment, α = {0.01,0.02,0.04,0.08,0.16,0.3,

0.4,0.5,0.6,0.7,0.8}, and for each value of α, we repeat the
experiment 30 times to obtain the average performance. The
result is shown in Fig. 6. Clearly, kDN significantly outper-
forms kNN and the b-matching method, this is because kDN
utilizes the ensemble effect of all pairwise affinities within
a cluster. The performance curves of kNN and b-matching
method drop very quickly as α increases; however, the per-
formance curve of the proposed kDN drops very slowly
when α increases from 0.01 to 0.4. Note that only when
α gets close to 0.9, the ensemble effect makes our method
perform worse than kNN and b-matching. In such situation,

http://www.cs.columbia.edu/~jebara/code/loopy/


Int J Comput Vis

Fig. 6 (Color online) Precisions of neighbors on affinity graphs with
unreliable affinities. The solid lines show the mean performance, and
the dotted lines show one std below the mean. Our method is shown
in red, while kNN and b-matching method are illustrated in blue and
green, respectively

Fig. 7 (Color online) Illustration of the differences between kNN,
b-matching and kDN on the two-moons dataset, k = 80. Red cross
points are the reference points, and green dot points are their 80 nearest
neighbors

most of affinities are unreliable, which wipes out the ground
truth cluster information.

To intuitively illustrate the differences between kNN,
b-matching method and kDN on vectorial data, in Fig. 7,
we plot the results of kNN, b-matching method and kDN
of two points in the two-moons dataset. Red cross points
are the reference points, and green dot points are 80 near-
est neighbors of the reference points, obtained by kNN in
(a) and (b), by b-matching method in (c) and (d), and by
kDN in (e) and (f), respectively. Obviously, kDN is more

Fig. 8 Ten examplar shapes from MPEG-7 shape dataset

coherent and thus does not contain outliers, while kNN and
b-matching contain a lot of outliers.

5.2.2 Shape Retrieval

The shape retrieval experiment is based on the affinity
data from shape matching. The database is the well known
MPEG-7 shape database (Ling and Jacobs 2007). There are
70 categories and each category contains 20 shapes. Figure 8
demonstrates 10 examplar shapes in this dataset. Obviously,
it is hard to naturally describe these shapes by vectorial data,
thus existing state-of-the-art shape matching methods (Ling
and Jacobs 2007) are based on direct distance computations.
For each pair of shapes, we calculate their matching score
(affinity value) using IDSC method (Ling and Jacobs 2007),
and thus obtain a 1400 × 1400 affinity matrix. Such affin-
ity data has no corresponding vectorial representation. At
the same time, many affinities (matching scores) are not
reliable, since for different pairs of shapes, their match-
ing scores are computed independently, and the matching
method may produce inaccurate results on some pairs of
shapes.

For each shape o, we can find k most similar shapes
based on kNN(o), kDN(o) and b-matching method (Jebara
et al. 2009), respectively. The retrieval precision is then mea-
sured by the percentage of shapes in the same category as
shape o in these k nearest neighbors. In Fig. 9(a), we vary
k from 1 to 19, and plot the average retrieval precision of
all 1400 shapes as a function of k. For small k, the perfor-
mance of kDN is nearly the same as kNN; however, when k

becomes larger, kDN performs much better, which implies
that the ensemble positively influences the performance. In
Fig. 9(b), we also vary k from 1 to 19, and plot the ROC
curves of all three methods. Note that in each category, there
is only 20 shapes, thus, we restrict k ≤ 19. As Fig. 9(b)
demonstrates, the proposed method works much better than
the other two methods. For small k, kNN outperforms b-
matching; while for large k, b-matching outperforms kNN.
The average time of computing nearest neighbors for all
1400 objects is 0.1881 seconds for the kNN method, 1.9753
seconds for our proposed kDN method, and 912.2045 sec-
onds for the b-matching method.
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Fig. 9 (Color online) Performance curves of kNN, kDN and b-match-
ing method for shape retrieval over MPEG-7 shape dataset. Red solid
curve shows the performance of kDN, blue dotted curve illustrates the
performance of kNN, and green dashed curve illustrates the perfor-
mance of b-matching method

5.2.3 Semi-supervised Learning

Recently, semi-supervised learning (SSL) has proliferated in
practical machine learning settings (Chapelle et al. 2006a),
since labeled data are often easily complemented with large
amount of unlabeled data. Among all SSL methods, graph
based ones (Zhu et al. 2003; Zhou et al. 2004) have been
widely preferred owing to the advantages of accuracy and
efficiency. The graph based SSL methods operate on affinity
graphs, and the sparsity of affinity graphs is important to en-
sure that the SSL methods remain efficient. The most com-
mon approach to construct such a sparse graph is k-nearest
neighbors. In this case, each vertex merely recovers its k

nearest neighbors using the affinity (or distance) function
and instantiates k undirected edges between itself and the
neighbors. Obviously, the robustness of k nearest neighbors
directly influences the performance of SSL methods. Since
kDN is usually more robust than kNN, it is expected to lead
to better results on the sparse graphs constructed by kDN.

In our experiment, we adopt four methods proposed
in (Jebara et al. 2009), GRF-KNN-GK, LGC-KNN-GK,
GRF-BM-GK, LGC-BM-GK. GRF-KNN-GK and LGC-
KNN-GK construct the sparse graph by kNN, while GRF-
BM-GK and LGC-BM-GK construct the sparse graph by
b-matching method. GRF-KNN-GK and GRF-BM-GK dif-
fuse the known labels to unlabeled vertices by Gaussian
Random Fields (GRF) (Zhu et al. 2003), while LGC-KNN-
GK and LGC-BM-GK diffuse the known labels by Local
and Global Consistency (LGC) method (Zhou et al. 2004).

We construct the sparse graph by the proposed kDN, thus
obtain two new methods, GRF-KDN-GK and LGC-KDN-
GK. We conducted the experiments on two benchmark data
sets, USPS (Chapelle et al. 2006b) and TEXT (Chapelle et
al. 2006b). Moreover, we used the originally suggested data
splits for fair comparison, where each data set is associated
with 12 different partitions of labeled and unlabeled subsets.
Each dataset has two versions, one of which has 10 points

Table 1 Experimental results on the benchmark data sets (in terms of
% error rate) for semi-supervised learning

Dataset USPS TEXT

# of labels 10 100 10 100

GRF-KNN-GK 19.98 12.36 49.93 48.78

LGC-KNN-GK 15.17 13.23 49.69 48.72

GRF-BM-GK 19.89 9.79 45.45 26.32

LGC-BM-GK 13.97 10.76 40.72 27.48

GRF-KDN-GK 17.25 5.13 46.25 28.54

LGC-KDN-GK 11.31 5.35 39.96 29.08

with labels and the other has 100 points with labels. The pa-
rameters are the same as in Jebara et al. (2009), and k = 12.
Thus, the only difference between GRF-KNN-GK (or GRF-
BM-GK) and GRF-KDN-GK, and between LGC-KNN-GK
(or LGC-BM-GK) and LGC-KDN-GK, is the method to find
the k nearest neighbors.

The experimental results are shown in Table 1. For each
dataset, the best result is shown in bold. Most of the best
results are obtained by kDN, and the improvements are
significant, especially compared to kNN. The reason why
kDN performs better is probably that it yields a more co-
herent neighborhood than kNN. In other words, kNN may
contain outliers, while kDN utilizes the average affinity to
eliminate the outliers. Since b-matching method emphasizes
the consistency of nearest neighbors, thus it also performs
much better than kNN. For the time complexity, on the
task of USPS data set with 10 labels, the time needed is
10.2289 seconds for the kNN method, 63.1439 seconds for
our proposed kDN method, and 14133.6 seconds for the
b-matching method, respectively.

To verify our judgement that kDN is more reliable on
these two datasets, we compute the retrieval precisions of
kNN, kDN and b-matching method under different k on
these two datasets, and the results are illustrated in Fig. 10.
The curves clearly validate our hypothesis. On the USPS
dataset, the precision of the proposed method is the best,
which explains the lowest error rate in Table 1. On the TEXT
dataset, the precision of b-matching is a bit higher than our
method, which coincides with the fact that b-matching has
the lowest error rate when the number of labeled points is
100 in Table 1. On the USPS dataset, although the precision
of kNN is a bit higher than the b-matching method, the error
rates of kNN are always larger than the b-matching method.
The reason may be that the nearest neighbors of b-matching
are symmetric (if a is one of the nearest neighbors of b, then
b is also one of the nearest neighbors of a), while the near-
est neighbors of kNN are not guaranteed to be symmetric.
The precision curves also reveal the reason why kDN and
b-matching method make more significant improvements on
the TEXT dataset, this is because the precision of nearest
neighbors improves more significantly on the TEXT dataset.
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Fig. 10 (Color online) Precision curves of kNN, b-matching method
and our algorithm on USPS and TEXT datasets. Red solid curve shows
the precision of our algorithm, blue dotted curve illustrates the pre-
cision of kNN, while green dashed curve illustrates the precision of
b-matching method

Especially when k = 12, on the USPS dataset, the precisions
of kNN and kDN are 94.26% and 95.78%, respectively, and
the improvement is only 1.52%. While on the TEXT dataset,
the precisions of kNN and kDN are 56.46% and 68.95%, re-
spectively, and the improvement reaches up to 12.49%.

5.3 Cluster Analysis

The solution of (8) can be viewed as a local coherent clus-
ter around object o. For a dataset O = {o1, . . . , on} with n

objects, we can get n such local clusters and these clusters
constitute a set, denoted by C = {C1, . . . ,Cn}, with Ci is the
local cluster around the object oi . As stated before, (8) has
a good property: the parameter δ offers us a tool to control
the minimum size of a cluster. We can estimate the mini-
mum size of a cluster in advance and set δ accordingly. If it
is hard to estimate, we can simply set δ = 1, which means
that no constraint is put on the size of a cluster.

Since the value of g(x) is a good approximation of the
average affinity of the cluster x and the average affinity mea-
sures the goodness of a cluster, g(x) is then a good indicator
of whether x represents a real cluster or not. The larger g(x)

is, the more probable x is a real cluster. Thus, we can check
all clusters with large values of g(x), to verify whether they
are real clusters or not. In this way, we can detect real clus-
ters underlying the data. Note that some points, such as
outliers, may not belong to any clusters with large value
of g(x). This is because these points cannot form coherent
clusters with other points. This property is very important
and it implies that our method is very robust to outliers, since
it can automatically exclude outliers. In fact, when there is
many outliers, insisting on partitioning all points into coher-
ent clusters usually leads to bad results.

5.3.1 Point Set Matching

Establishing correspondences between two point sets is
a long standing fundamental problem in computer vision

(Caetano et al. 2006; Georgescu and Meer 2004). In gen-
eral, the point set matching problem can be described as
follows: given two point sets, P and Q, with nP and nQ

points, respectively, the task is to obtain the correct cor-
respondences between them. This is a hard problem and
there are three main difficulties associated with this prob-
lem. First, the mapping between points in two point sets
may be one-to-one, one-to-many, and even many-to-many.
Second, it is inherently a combinatorial optimization prob-
lem, thus suffers from high complexity due to the huge di-
mensionality of the combinatorial search space. The prod-
uct space H = P × Q contains nP nQ candidate correspon-
dences, which is usually very large. Finally, the existence
of outliers must be considered. Since in many applications,
the number of outliers is very large, sometimes even much
larger than the number of inliers.

Each candidate correspondence hi ∈ H is a pair (Pi,Qi′),
where Pi ∈ P and Qi′ ∈ Q. Since the points themselves
are not distinctive, we rely fully on the geometric consis-
tency information to find the correct correspondences, and
the compatibility function of a pair of candidate correspon-
dences, (hi, hj ), is defined as follows:

f1(hi, hj )(s) =

⎧
⎪⎨

⎪⎩

1 − (lij −sli′j ′ )2

9σ 2
d

if i �= j and |lij − sli′j ′ | < 3σd;
0 otherwise,

(15)

where lij is the distance between Pi and Pj , li′j ′ is the dis-
tance between Qi′ and Qj ′ , and s is a scale factor. The pa-
rameter σd controls the sensitivity of the function value to
deformations. The larger the σd is, the more deformations
we can accommodate, but also the more pairwise relation-
ships between incorrect correspondences will get positive
values.

Based on the candidate correspondence set H , the corre-
spondence graph G is constructed as follows: each vertex of
G represents a candidate correspondence in H , the weight of
the edge between vertex i and vertex j is set to f1(i, j). Note
that the weights of all self-links are 0. The correspondence
graph G usually has a large number of vertices (the num-
ber of candidate correspondences); however, the number of
vertices corresponding to correct correspondences are usu-
ally very small, and most of vertices are outliers (incorrect
correspondences).

From each vertex (candidate correspondence) of the cor-
respondence graph G, we can find a local cluster. The clus-
ters obtained from all vertices then form the cluster set C.
Since the weights of all self-links are zero, thus Aii +Ajj ≤
2Aij for all i and j . In such situation, the size of each cluster
will be automatically determined by Algorithm 1 and prob-
ably larger than the minimum size we set. For each cluster
in C with large average affinity, we can verify whether it is
a real correspondence configuration or not by checking the
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Algorithm 3 Dense Neighborhood based Point Set Match-
ing Algorithm

1: Input: Two point sets P and Q, the compatibility func-
tion f1 and ε.

2: According to f1, construct the correspondence graph G.
3: Set C = ∅ and M = ∅;
4: for i = 1, . . . , n do
5: For the vertex i, construct the initialization by εNN,

and then obtain a local cluster by Algorithm 1. Add
this cluster into the set C.

6: end for
7: for each cluster Ci ∈ C with large average affinity do
8: Verify whether it is a correct correspondence config-

uration, if yes, add Ci into the set M .
9: end for

10: Output: All the correct correspondence configurations
in M .

coherence of all correspondences. If each pair of correspon-
dences in C are coherent, that is, with large weights, then C

is a real correspondence configuration, otherwise not. In this
way, we can find all correct correspondence configurations,
which is summarized in Algorithm 3.

Note that f1(hi, hj ) only conveys partial information:
small value of f1(hi, hj ) means that hi and hj should not be
in the same correspondence configuration, but large value of
f1(hi, hj ) only indicates that hi and hj may be, not neces-
sarily, in the same correspondence configuration. In fact, the
number of edges with high affinities in the graph G is huge,
and only a very small portion of them are edges between
correspondences in the same correspondence configuration.
This is because strong pairwise relations can be easily pro-
duced by noises and outliers. In such situation, for every
candidate correspondence in H , there are many candidate
correspondences with large affinities to it, and according to
our heuristic rule, εNN is a much better choice than kNN
to construct initializations. Thus, for point set matching, we
adopt εNN to construct initializations and set ε = 0.1 in all
experiments.

We compare our proposed method with the spectral
method in Leordeanu and Hebert (2005), which utilizes the
largest eigenvector of the adjacency matrix A of the corre-
spondence graph G to find correct correspondence. The ex-
perimental setting is as follows: first generate data set Q of
2D model points by randomly selecting ni

Q inliers in a given
region of the plane, then obtain the corresponding inliers in
P by disturbing independently the ni

Q points from Q with
white Gaussian noise N(0, σ ), and then rotate and translate
the whole data set Q with a random rotation and translation.
Next we add no

Q and no
P outliers in Q and P , respectively, by

randomly selecting points in the same region as the inliers
from Q and P , respectively, from the same random uniform
distribution over the x–y coordinates. The range of the x–y

Fig. 11 (Color online) Performance curves for our method vs. the
spectral method in Leordeanu and Hebert (2005). The solid lines show
the mean performance, and the dotted lines show one std below the
mean. Our method is shown in red, while the spectral method in
Leordeanu and Hebert (2005) is shown in blue

point coordinates in Q is 256
√

nQ/10 to enforce an approx-
imately constant density of 10 points over a 256 × 256 re-
gion, as the number of points varies. The total number of
points in Q and P are nQ = ni

Q + no
Q and nP = ni

P + no
P .

The parameter σ controls the level of deformation between
two point sets, while no

P and no
Q control the numbers of out-

liers in P and Q, respectively. As pointed out in Leordeanu
and Hebert (2005), it is a challenging problem because of
the homogeneity of data and the large search space.

To compare with the spectral method in Leordeanu and
Hebert (2005), we do the experiments on the same scale,
that is, we fix s = 1. Figure 11 compares the performance
curves of our proposed method and the spectral method in
Leordeanu and Hebert (2005). We keep the sensitivity pa-
rameter fixed, σd = 5. All algorithms ran on the same data
sets over 30 trials for each value of the varying parameter,
and both the mean performance curves and the curves of
one standard deviation below the mean are plotted. We score
the performances of these two methods by counting how
many matches agree with the ground truths. In Fig. 11(a), we
vary the noise σ from 0 to 20 (in step of 1). Obviously, our
method works much better, since our method tries to obtain
a cluster as coherent as possible, and such coherent cluster is
less sensitive to noises. In Fig. 11(b), we keep the deforma-
tion parameter σ and the number of inliers fixed, and change
the number of outliers from 0 to 80. The performance curve
clearly shows the advantages of our method, which is nearly
not affected by outliers, while the performance of the spec-
tral method is continuously degrading as the number of out-
liers increases. This is because our method automatically ex-
cludes outliers, while spectral method cannot.

In Fig. 12(a), we fix the deformation parameter σ = 5,
keep the number of inliers and outliers equal, and change
the total number of points in P and Q. The performance is
measured by matching rate, which is the ratio of the num-
ber of obtained correct correspondences to the number of
all correct correspondences. As the figure shows, the perfor-
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Fig. 12 (a) Demonstrates the performance curves as the number of in-
liers and outliers changes for our algorithm and the spectral clustering
method, (b) shows the performance’s sensitivity to the parameter σd

mance of all algorithms improves as the number of points in-
creases, this is because as the size of common point pattern
increases, the common point pattern is more robust to noises
and outliers. In Fig. 12(b), we also test the sensitivity of both
methods to parameter σd . In this experiment, both the num-
ber of inliers and outliers are 30. Obviously, our method is
nearly not affected by the scaling parameter σd , while the
spectral method is very sensitive to σd . Note that σd con-
trols the weights of edges and many graph-based algorithms
are notoriously sensitive to it. Instead, by setting a proper δ,
our method overcomes this problem.

Our method can simultaneously detect multiple corre-
spondence configurations. In the first row of Fig. 13, the
point sets P and Q have two one-to-one correspondence
configurations. In the second row, the point sets P and
Q have one-to-two correspondence configuration, that is,
P contains a cluster of points, and Q contains two simi-
lar copies of this cluster. Each correspondence configura-
tion has 30 correspondences, and we test the performance
of our method with varying deformation noises and vary-
ing number of outliers. The performance curves of the two
correspondence configurations detected by our method are
shown in red and blue, respectively. In this experiment, we
fix σd = 5. As Fig. 13 shows, our method can simultane-
ously detect multiple correspondence configurations, and
this experiment also shows encouraging robustness of our
method to outliers.

In all previous experiments for point set matching, we
set the minimum size of the cluster to be the number of
correct correspondences in the correspondence configura-
tion. To test the effect of δ, we fix σ and σd , and test the
performance of our method under different δ. The result is
shown in Fig. 14 and x axis represents 1/δ. Obviously, as
1/δ approaches the real size of the cluster (30), the results
become much better. Note that the best result appears when
1/δ > 30, which is due to the fact that some outliers fall into
the clusters.

Fig. 13 Performance curves of our method on two one-to-one corre-
spondence configurations and a one-to-two correspondence configu-
ration. First row: two one-to-one clusters. Second row: a one-to-two
correspondence configuration. The red and blue solid curves are the
mean performance of these two mappings and the dashed curves are
one std below the mean

Fig. 14 Performance curve of our proposed method under different δ

5.3.2 Clustering on Popular Datasets

Clustering is in fact a labeling problem, that is, assigning
cluster indices to objects. Precisely speaking, clustering is a
mapping Ψ : O → L, where O = {o1, . . . , on} is a set of n

objects and L = {l1, . . . , ls} is a set of s indices.
All possible assignments form a set, denoted by W . Since

each object can be assigned any label, the number of assign-
ments in W is ns, that is, |W | = ns. Every assignment w

is a pair composed of an object and a label, denoted by ow

and lw , respectively. In general, the distances between ob-
jects in the same cluster should be small, while the distances
between objects in different clusters should be large. Thus,
we can define the compatibility score of two assignments, w

and v, in the following way:
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f2(w,v) =
⎧
⎨

⎩

exp(− d2(ow,ov)

2σ 2
d

) if lw = lv ,

exp(− ξ2

2σ 2
d d2(ow,ov)

) if lw �= lv ,
(16)

where d(ow, ov) is the Euclidean distance between ow and
ov , σd is the scaling factor as in the experiments of point set
matching, and ξ is a parameter to balance the influence of
the distance under two situations: with the same or different
labels.

Based on W , we can construct a graph G as follows:
each vertex of G represents an assignment in W , and the
weight of the edge between vertex i and vertex j is set
to f2(i, j). Thus, the clustering problem of original data
is transformed into the problem of finding a most coherent
cluster on graph G, under the constraint that each object can
only appear in on vertex.

From each vertex (an assignment) of the graph G, we can
find a local coherent cluster. Obviously, this cluster is a good
candidate for clustering. Since the size of obtained coherent
cluster can be controlled by k, we can vary k to get clusters
of different sizes. To precisely control the size of a cluster,
in this task, we set the weights of all self-links to 1. Thus,
the size of obtained cluster is precisely k + 1.

We conduct our experiments on four popular datasets
for clustering, Iris, Wine, Breast-cancer and Australian. The
first three datasets are in the UCI machine learning repos-
itory (Frank and Asuncion 2010) and the fourth dataset is
from libsvm dataset (Chang and Lin 2001). The Iris dataset
consists of 50 samples from each of three species of Iris
flowers (Iris setosa, Iris virginica and Iris versicolor), thus, it
has 150 samples in total. Four features were measured from
each sample, they are the length and the width of sepal and
petal, in centimeters. The Wine dataset contains 178 sam-
ples of a chemical analysis of wines grown in the same re-
gion in Italy but derived from three different cultivars. The
number of samples in the first, second and third clusters are
59, 71, 48, respectively. And each sample contains the quan-
tities of 13 constituents, which determine the types of wines.
The Breast-cancer dataset has two classes, with the first class
having 444 samples, and the second class having 239 sam-
ples. The Australian dataset also has two classes, with the
first class having 383 samples, and the second class having
307 samples.

Since the kDN of each vertex (an assignment) can be
considered to be a clustering, therefore, we only consider
the kDNs of the first vertex as the cluster of such vertices,
which corresponds to assign label 1 to the first data point
in the dataset. Euclidean distance is used and the parameter
σd is set to be the mean distance of 1NN of all data points.
The parameter ξ is set to 1, 0.4, 3 and 4, respectively, on
Iris, Wine, Breast-cancer and Australian dataset. Figures 15,
16, 17 and 18 illustrate the clustering results on Iris, Wine,
Breast-cancer and Australian dataset, respectively. The pre-
cision is calculated based on data points which are assigned

Fig. 15 Clustering result of the kDN of the first assignment (assigning
label 1 to the first data point) on Iris dataset, with k = 110 and k = 130
in (a) and (b), respectively

Fig. 16 Clustering result of the kDN of the first assignment (assign-
ing label 1 to the first data point) on Wine dataset, with k = 110 and
k = 150 in (a) and (b), respectively

Fig. 17 Clustering result of the kDN of the first assignment (assigning
label 1 to the first data point) on Breast-cancer dataset, with k = 400
and k = 682 in (a) and (b), respectively

labels, since our method only select k+1 points to label, and
left other points un-grouped. In all four datasets, when k is
small, the clustering precisions are very high. When k be-
come larger, the performances drop. This phenomenon im-
plies that our method has a very good property: it can au-
tomatically distinguish “easy” points and “hard” points and
select the most easiest k + 1 points to cluster. The “hard”
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Fig. 18 Clustering result of the kDN of the first assignment (assigning
label 1 to the first data point) on Australian dataset, with k = 400 and
k = 500 in (a) and (b), respectively

Fig. 19 Performance curves of the kDNs of the first assignment (as-
signing label 1 to the first data point) under varying k, on both Iris (a)
and Wine (b) datasets

Fig. 20 Performance curves of the kDNs of the first assignment (as-
signing label 1 to the first data point) under varying k, on both Breast–
cancer (a) and Australian (b) datasets

points are either outliers or points near boundaries of clus-
ters, and our method offers a tool to discover them. Figure 15
also reveals a fact that in Iris dataset, the first cluster is well
separated from the other two clusters, while the second and
the third clusters are intervening each other.

In Figs. 19 and 20, we vary k and plot the performance
curves of Iris, Wine, Breast-cancer and Australian dataset.
As expected, with small value of k, since all the selected
points are “easy” points, the precision of clustering is usu-

ally very high. As k increases, the precision drops, since
“hard” points are gradually selected; however, it does not
drop monotonously, and this effect may result from the vary-
ing strength of the ensemble effect under different k.

Although distinguishing between “easy” points and
“hard” points is interesting and important in many appli-
cations, such as outlier detection, in some cases, we do need
to classify every points into a cluster. In Fig. 18(b), for the
Breast-cancer dataset, when k = 682, all points are clus-
tered. The precision is 98.83% for our method. In compari-
son, on this dataset, the clustering precisions of k-means and
spectral clustering are 96.05% and 97.07%, respectively.
When some points are un-grouped, based on our method,
it is easy to accomplish the clustering task: first cluster-
ing “easy” points to get high precision clusters, then sim-
ply assigning “hard” points to these clusters based on some
criterion, such as 1NN. We cluster all data points in Iris,
Wine and Australian datasets following this strategy, and
set k = 120, k = 150 and k = 500 respectively. The over-
all clustering precision is 92.56% on Iris, 95.36% on Wine
and 89.63% on the Australian dataset. In comparison, the
clustering precision of k-means is 89.33% on Iris, 91.57%
on Wine and 85.51% on the Australian dataset. This re-
sult demonstrates that, the clustered “easy” points may help
to cluster “hard” points, thus much better results can be
achieved.

6 Conclusions

In this paper, we define the notion of k-dense neighborhood
(kDN), analyze its properties and propose an efficient ap-
proximate algorithm to compute it. We demonstrate the ad-
vantages of kDN over kNN and b-matching method on both
affinity data and vectorial data. Because kDN is a local co-
herent cluster, it is a natural tool for cluster analysis. We
propose a novel point set matching algorithm based on kDN
and demonstrate its excellent performance, especially when
there exists a large amount of outliers. At the same time,
kDN based clustering method can automatically delineate
the cluster structure underlying the data and discover out-
liers and border points. Good clustering results are achieved
on four popular datasets, Iris, Wine, Breast-cancer and Aus-
tralian. Currently we are working towards a more effective
way of constructing initializations in order to increase the
probability of the initializations lying in the attractive basin
of the global maximum of (8).
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