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Maximum-Shortest-Path (MSP) is Not Optimal
for a GeneralV x N Torus

Li Sheng and Jie WuSenior Member, IEEE

Abstract—A shortest-path routing is optimal if it maximizes the I. INTRODUCTION
probability of reaching the destination from a given source, as- . .
suming that each link in the system has a given failure probability. -D MESHES and 2-D tori (see Fig. 1) are commonly used
An approximation for the shortest-path routing policy, maximum- mesh-connected networks to build multicomputer systems.
shortest-path (MSP) routing was proposed by Wu [3]. Reference In general the performance of such a multicomputer system de-
[3] pends on the end-to-end cost of communication mechanisms.

* shows that MSP is optimal in the mesh and hypercube net- Routing time of messages in terms of routing path length is one

works, " } .
« shows that MSP is at least suboptimal in the torus network, of the key critical factors in the performance of multlcomputers_.
« shows that MSP is optimal for 6 x 6 and 8 x 8 tori, If a message cannot continue along a shortest path (one with
« conjectured that MSP is optimal for 2-D tori in general. minimum routing path length) to its destination due to some

This short paper shows that, contrary to the claims in [3], MSP is  link failures, it is discarded. For a message at any nodgPR
not optimal for a general N x N torus—specifically, MSP is not  requires the message to be sent telgible neighboof v with
optimal for a 12 x 12 torus, and its optimal routing depends on the respect to destination: a neighbor ofv that is closer to the
success probability. destination tham. A SPR policy specifies a preference ordering
Index Terms—Mesh, optimality, probability, shortest path (among them! orderings) on the set of eligible neighbors for

routing, torus. each node, and a message arrivesiawill always first attempt
to go to the eligible neighbor with the highest preference in the
ACRONYMS! chosen order.
) Assumptions
A SPR policy _ 1) Each link has a uniform failure probability of— p (0 <
MSP maximum shortest-path (policy) p < 1)
SPR shortest-path routing 5

2) Due to the presence of faulty links, each SPR can only

z? zig-_zag . guarantee to deliver a message from a given source to its desti-
2-D 2-dimensional. nation with a particular probability.
3) The higher the probability, the better the SPR policy.
NOTATION 4) Sourcev = (i, j) (with 4,5 > 0) and destination
(mesh) andN columns delivering a message froift, j) to (0, 0) is represented as
{v1,v3, ..., v} eligible neighbor vectoof nodewv with S((i, 7). (0, 0)), or simplyS(i, j) without causing confusion.
respect to destination node m is the  Foradgivend, one can explicitly calculate th&s (v, u). Be-
number of eligible neighbors of cause the given routing policy specifies a preference ordering on
aneighbor along a given lijkalso called: be such a preference ordering on the eligible neighbors of the
success probability nodev. The message first attempts to goutg and only if this
Sa(v, u) maximum probability of delivery of a mes- fails, does it go to the next preferable eligible neighblgretc
sage from node to nodeu underA Therefore, the probability that this message is received iy
P(v, u) number of shortest paths from nodeto (1 —P)'~' - p. ThenS.(v, u) can be recursively computed as
nodew follows:
Nep (1, 7) set of eligible neighbors for node, ;). m

i—1
SA(”? u) = Z(l_p)7 'p'SA (’U; u)
=1
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Fig. 1. Examples: (a) an 8 8 mesh, and (b) an & 8 torus.

The SPR delivers messages through shortest paths betwaeimension. Fig. 1(b) is an example of ax & torus together
the source and destination nodes; in a SPR, only shortest patith 4 directions: right, up, left, down. A 2-D mesh is a 2-D
are acceptable. Several SPR algorithms have been proposeddars without wrap-around links.

2-D meshes and 2-D torus, including t& routing policy By symmetry, it can be assumed that source n@dg) is

[1], and the MSP routing policy [3]. Th&? policy is one in such thati, ; < N/2 in an N x N torus. WhenN is odd,
which the routing message always moves toward the closestwhen N is even and bothi # N/2 andj # N/2, then
diagonal nodgz, y) (with z = y). In the MSP policy, the node(i, j) has exactly the same eligible neighbors as its cor-
routing message is always forwarded to an eligible neighba@sponding 2-D mesh; hence, any optimal SPR poli&¥ ¢r
from which there exists a maximum number of shortest patMSP) for 2-D meshes is also optimal for 2-D tori for delivering

to the destination a message frorty, j) to (0, 0). However, whetV is even and,
m i = N/2 orj = N/2, unlike the case of 2-D meshes, the set
P(v,u) =Y P(vi, u) of eligible neighbors fo(i, j), N.y(i, j), can have more than
i=1 2 elements
Plo, v =1 @ ({(i=1.9). G+1,4)}
It has been shown that in a 2-D mesh or a binary hypercube, both N )
Z? and MSP routing policies are optimal [1], [3]; and these two if i = D) & j=0,
routing policies are the same for 2-D meshes and binary hyper- (=1, ), (i+1,7), (i, j—1)}
cubes. For a 2-D torus, however, it has been shown thafthe e PO
policy is not optimal [2], [3]. In order to investigate whether if 5 = N & j# N £0,
or not the MSP routing is optimal for 2-D torus, [3] explicitly N, (i, j) = o 2. ) ) 2 ]
expresses the MSP routing in &hx N torus (V is a positive {(6,7-1), (¢, 7+1), (i —1,4)}
even number; see Section Il of this paper). In addition, [3] shows if i £ N £0 & j= N
that the MSP routing is at least suboptimal in a torus network, 2 J=
demonstrates that it is optimal for66 and 8x 8 tori, and con- {15, G+ 1.4), (G5 -1), (5 + 1)}
jectures that the MSP policy is optimal for 2-D tori in general. _ N N
This paper shows that, contrary to [3], the MSP policy is not an | if i = o & j= o
optimal SPR policy for a 1% 12 torus. The optimal routing 3)
depends omn. Therefore, the SPR policy that is optimal fdf x N meshes

might not be optimal inV x N tori with source nod€si, j)
Il. MSP RoOUTING IS NOT OPTIMAL FOR A 12 x 12 TORUS  being on the rowj = N/2 or on the column = N/2.

An N x N torus can be defined as &hx N matrix of points Consider anV x N torus, with N being a positive even

with N rows andN columns. The set of points (nodes) can bgumber. The MSP routing [3] is an approximation of the op-
represented as timal policy. At each step, an eligible neighbor with a maximum

number of shortest paths to the destination, i.e., with the max-

{(,4):0<4, 5 <N —1}. imum P value, is selected. The following algorithm ensures that
Each noddi, j) is connected through links to 4 neighbors: ~ at each step, an eligible neighbor with the maximbnalue is
. N . N selected.
(IL - 17 J)7 (la J— 1) (l + 17 J) (IL7 J + 1)7 A|gor|thm MSP Routing
where addition and subtraction are modio A link is wrap- When the sourcéi, j) is at the: = N/2 column, then there

around if it connects 2 nodes whose addresses difféf byl in  is a turning point atN/2, | N/4|). There are 2 cases:
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Fig. 2. Two MSP routing examples in a 22 12 torus.

1) j > | N/4] (the source node is above the turning point), ¢ conjectures that the MSP policy is optimal for 2-D tori in
thenP(i, j — 1) > P(i — 1, j). Thus, the routing message is general.
forwardeddown to (i, j — 1) as its first attempt. This process This section now shows that, contrary to the claim in [3], the
lasts until the message reaclies| N/4]), then follows theZ*  MSP policy is not optimal for a general x N torus. Specifi-
routing: the message is forwardtedt until it reaches the diag- cally, it shows that the MSP policy is not optimal for a £212
onal line L: = = y, and finally zig-zags around the diagonatorus when the source is at the turn point (6, 3) and its optimal
line to reach the destination. routing depends on the success probabilitfwo facts are now

2) If j < | N/4] (the source node is on or below the turningstablished.
point) thenP (i, j—1) < P(i—1, j). Thus, the routing message Fact 1: For a 12x 12 torus,
is delivered by following theZ? routing directly.

End_Algorithm S(5,3) = 5(6,2) =p” - (1—p)> - (T—9p +p°).

In this algorithm,| z | denotes the greatest integer less than or
equal toz. Fig. 2 shows 2 MSP routing examples in €212,
where the source is on colum/2 = 6, and it has 3 eligible

By direct calculation using'(0, 0) = 1 and the recursive
relation, the following results are obtained in order. Each case

neighbors: case 1 represents the case when the source is aé B, d, €) has at most 2 eligible neighbors and can be easily

the turning point; case 2 represents the case when the sourc 8Y9ed as in [3]:
is (or below) the turning point. When the source has 4 eligible ) 5(6,0) = P 1+ (1 -p)]

neighbors, the step 1 can be along either row or column, ther?) 5(5: 1) = °-[145(1 = p)] = 5(6, 0); thus turnleft
the remaining steps are the same when the source is on row or at (6, 1), then . )
columnN/2 = 6. €) S(6,1)=p-5(5,1)+p-(1-p)-S(5, 1) +p-(1-p)*

—-bp
S(6, 0) [becauseS(7, 1) = S(5, 1)]; thus 5(6, 1) =
P’ [1+6(1— p)+6(1 - p)2 + (1 - p)?
d) 5(5,2) = p7 - [1+6(1 — p) + 14(1 —p)?] > S(6. 1);
thus turnleft at (6, 2), then
« shows that the MSP policy is at least suboptimal in the ) S(6, 2) = p®-[1 + 7(1-p)+21(1 —p)2+20(1—p)3+
torus network, 6(1 — ) ( p)°]
+ demonstrates that it is optimal fors6 6 and 8x 8 tori, f) S(5,3)=p®-[1+7(1—p)+20(1—p)*+28(1—p)3].

Itis not known if the MSP policy is optimal, i.e., (v, u) >
P(v', u) is equivalent taS(v, u) > S(v', u), wherev, v’ are
two eligible neighbors in a routing step. Reference [3]
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Fact2: Fora12x 12 torus, the optimal routing of a message REFERENCES
from (i, j) = (6, 3) to (0, 0) depends op. [1] S. Badr and P. Podar, “An optimal SPR policy for network computers
Based on Fact 1§(5, 3) — S(6, 2) = p9 (1= p)2 (7= with regular mesh-connected topologid&EE Trans. Computvol. 38,
2 NV T ; N 2 no. 10, pp. 1362—1371, Oct. 1989.
.gp TP ) The(9 ‘)3)/22 is the unique root 067 dp+p ) [2] T.Wellerand B. Hajek, “Comments on: An optimal shortest-path routing
n (O, 1)1 and(7 -9 +p )|p:1 = —1. Thus, policy for network computers with regular mesh-connected topologies,”
e S(5.3 S(6. 2) when 9 /53 2, IEEE Trans. Computvol. 43, no. 7, pp. 862-864, July 1994.
S(;)’ ) < S( +2) h P> \/2—)/ [3] J. Wu, “Maximum-shortest-path (MSP): An optimal shortest-path
¢ (07 3) > (6> 2) whenp < (9 - 03)/2- routing policy for network computers with regular mesh-connected

Therefore, the selection of a neighbor (5, 3) or (6, 2) of source  topologies,"IEEE Trans. Rel.vol. 48, no. 3, pp. 247-255, Sept. 1999.
(6, 3) depends op.
Counter-Example:The MSP routing is not optimal for a 12
x 12 torus withp > (9 = V53)/2. Li Shengis an Assistant Professor in the Department of Mathematics and C
: _ : i Shengis an Assistant Professor in the Department of Mathematics and Com-

. O_n al2x12 torus_ withp > (9 53)/2 and with th_e source puter Sciences at Drexel University. She received the M.S. in Statistics and the
(4, j) = (6, 3), the difference between the MSP routing and then.p. in Operations Research from Rutgers University. She has published over
optimal SPR is demonstrated in Fig. 2. Becadse- 12 for a 15 papers in various journals and conference proceedings. Her research exper-

tise is primarily in discrete mathematics, with an emphasis on graph theory, and
12 x 12 torus, the source node with an interest in applications, especially to problems facing our society that
N N require advanced mathematics-based methods for solution. She has developed
(i 7') — (6. 3) [ = | = a tagged probe interval graph model for DNA physical mapping in molecular
T ’ 214 biology, a phylogeny graph model for phelogenetic tree reconstruction in ge-
netics, and a role assignment model for social networks. Her recent research
is exactly the turning point on colummV/2. Therefore, interests are in mobile computing, routing protocols, and interconnection net-
according to the MSP routingP(5 3) S P(6 2) and the works. Dr. Sheng has served as Session Chairman for the 1999 ISCA Interna-
1 ? 7

- tional Conference on Parallel and Distributed Computing Systems. She was also
message dti, j) = (6, 3) should be forwardetéft to node session Chairman for the 1999 DIMACS Workshop on Discrete Problems with

(i —1,3) = (5, 3). Medical Applications. Dr. Sheng is a Member of the American Mathematical
On the other hand, according to Fact 2, for ax1d2 torus %%
with
9 — 533 ) ) )
> — Jie Wu is a Professor and Director of CSE graduate programs at the De-

)
2 partment of Computer Science and Engineering, Florida Atlantic University.
He has published over 100 papers in various journal and conference pro-
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5(5,3)—8(6,2)=p-(1—p)*-(7T—9p+p?) <0. and software engineering. Dr. Wu served as Program Vice Chairman for the
2000 International Conference on Parallel Processing (ICPP) and Program

Thus, the message should be forwardedn to node (6, 2) in Vice Chairman for the 2001 IEEE International Conference on Distributed

. . . . Computing Systems (ICDCS). He was Program Co-chairman of the 1999 ISCA
an optimal SPR. Therefore, the MSP routing is not optimal fQfie/national Conference on Parallel and Distributed Computing Systems. He is

a 12x 12 torus withp > (9 — v/53)/2. Co-Guest-Editor of a special issue for: 1) IEERANSACTIONS ONPARALLEL
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of the optimal route at the turning point depends on the valueDistributed System Desigi€RC press. Dr. Wu received the 1996-1997
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